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❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ✐s ❝♦♠♣❛r❛t✐✈❡❧② ❧❛r❣❡ ✭▼✐♥❞❧✐♥✱✷✾
✶✾✻✹❀ ▼✐♥❞❧✐♥ ❛♥❞ ❊s❤❡❧✱ ✶✾✻✽❀ ▲❛♠✱ ❨❛♥❣✱ ❈❤♦♥❣✱ ❲❛♥❣✱ ❛♥❞ ❚♦♥❣✱ ✷✵✵✸✮✱ s♦✸✵
✷
t❤❛t ❛ s✉❜st❛♥t✐❛❧ ❡✛♦rt ✐s r❡q✉✐r❡❞ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s✐❞❡ ❢♦r t❤❡✐r ❞❡t❡r♠✐✲✸✶
♥❛t✐♦♥ ▼❛r❛♥❣❛♥t✐ ❛♥❞ ❙❤❛r♠❛ ✭✷✵✵✼✮✳ ❋✉rt❤❡r♠♦r❡✱ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡✸✷
♠♦st ♦❢t❡♥ ✐♥❛❝❝❡ss✐❜❧❡ ✭●❛♦ ❛♥❞ ▼❛✱ ✷✵✶✵✮✳✸✸
❆♥ ✐♥t❡r♠❡❞✐❛t❡ st❡♣ ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ t❤❡♦r② ❛♥❞ t❤❡ ♠♦st ❛❞✲✸✹
✈❛♥❝❡❞ str❛✐♥ ❣r❛❞✐❡♥t t❤❡♦r✐❡s ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❈♦ss❡r❛t ♠✐❝r♦♣♦❧❛r ♠♦❞❡❧✱✸✺
✇❤✐❝❤ ✐♥✈♦❧✈❡s ♦♥❧② r♦t❛t✐♦♥❛❧ ❣r❛❞✐❡♥ts ✭●r❛✛ ❛♥❞ P❛♦✱ ✶✾✻✼✮✳ ❆ s♣❡❝✐❛❧ ❝❧❛ss ♦❢✸✻
♠✐❝r♦♣♦❧❛r t❤❡♦r✐❡s ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✐♥❞❡t❡r♠✐♥❛t❡ ❝♦✉♣❧❡ str❡ss ✭❈❙✮ t❤❡✲✸✼
♦r②✱ ❞❡✈❡❧♦♣❡❞ ❜② ❑♦✐t❡r ✭✶✾✻✹✮ ❢♦r t❤❡ q✉❛s✐✲st❛t✐❝ r❡❣✐♠❡ ❛♥❞ ❧❛t❡r ❡①t❡♥❞❡❞✸✽
❜② ❊r✐♥❣❡♥ ✭✶✾✾✾✮ t♦ ❊❧❛st♦❞②♥❛♠✐❝s✳ ❆❧♦♥❣s✐❞❡ t❤❡ tr❛❞✐t✐♦♥❛❧ ▲❛♠é ♠♦❞✉❧✐✱✸✾
t❤✐s ❡❧❛st✐❝ ❝♦♥st✐t✉t✐✈❡ ♠♦❞❡❧ ❢❡❛t✉r❡s t✇♦ ❡①tr❛ ♠❛t❡r✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s✱✹✵
❛ss♦❝✐❛t❡❞ t♦ ❜❡♥❞✐♥❣ ❛♥❞ t♦rs✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠✐❝r♦♣♦❧❛r r♦t❛t♦r② ✐♥❡rt✐❛✳✹✶
❈♦♠♣❛r❛❜❧② ❢❡✇ ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞✐s❝✉ss✐♥❣ ✇❛✈❡✹✷
♣r♦♣❛❣❛t✐♦♥ ✐♥ s♦❧✐❞s ✇✐t❤ ♠✐❝r♦str✉❝t✉r❡✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❜② ●r❛✛✹✸
❛♥❞ P❛♦ ✭✶✾✻✼✮ ❝♦♥s✐❞❡rs ✇❛✈❡ r❡✢❡❝t✐♦♥ ❜② ❛ r✐❣✐❞ ♦❜st❛❝❧❡ ✐♥ ❛ ❈❙ ❤❛❧❢✲s♣❛❝❡✹✹
✉♥❞❡r ♣❧❛♥❡ str❛✐♥✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❛ s✐♠✐❧❛r tr❡❛t♠❡♥t ✐s ❣✐✈❡♥ ✐♥ ●♦✉r❣✐♦t✐s✱✹✺
●❡♦r❣✐❛❞✐s✱ ❛♥❞ ◆❡♦❝❧❡♦✉s ✭✷✵✶✸✮ ❢♦r ❛ ❣r❛❞❡ t✇♦ str❛✐♥✲❣r❛❞✐❡♥t ♠❛t❡r✐❛❧ ❢❡❛✲✹✻
t✉r✐♥❣ t❤r❡❡ ♠❛t❡r✐❛❧ ❝♦♥st❛♥ts✳ ❘❛②❧❡✐❣❤ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❈❙ ♠❛t❡r✐❛❧s✹✼
❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❖tt♦s❡♥✱ ❘✐st✐♥♠❛❛✱ ❛♥❞ ▲❥✉♥❣ ✭✷✵✵✵✮✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢✹✽
r♦t❛t✐♦♥❛❧ ✐♥❡rt✐❛✱ ❛♥❞ t❤❡♥ ✐♥ ●❡♦r❣✐❛❞✐s ❛♥❞ ❱❡❧❣❛❦✐ ✭✷✵✵✸✮ ❛❝❝♦✉♥t✐♥❣ ❢♦r r♦✲✹✾
t❛t✐♦♥❛❧ ✐♥❡rt✐❛✱ ❛❣❛✐♥ ✉♥❞❡r ♣❧❛♥❡ str❛✐♥✳ ❙❝❛tt❡r✐♥❣ ♦❢ ❛♥t✐♣❧❛♥❡ s❤❡❛r ✇❛✈❡s✺✵
❝❛✉s❡❞ ❜② ❛ ❝②❧✐♥❞r✐❝❛❧ ✐♥❝❧✉s✐♦♥ ✇✐t❤✐♥ t❤❡ ❈❙ t❤❡♦r② ✐s ❝♦♥s✐❞❡r❡❞ ❜② ❙❤♦❞❥❛✱✺✶
●♦♦❞❛r③✐✱ ❉❡❧❢❛♥✐✱ ❛♥❞ ❍❛❢t❜❛r❛❞❛r❛♥ ✭✷✵✶✺✮✳✺✷
❊♥❤❛♥❝❡❞ ♠♦❞❡❧s ♦❢ ❝♦♥t✐♥✉❛ ♠❛② r❡s✉❧t ✐♥ ♥❡✇ t②♣❡s ♦❢ s✉r❢❛❝❡ ✇❛✈❡s✱ ❢♦r✺✸
❡①❛♠♣❧❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥❡✇ s✉r❢❛❝❡ ❛♥t✐♣❧❛♥❡ ✇❛✈❡s ✐♥ ❛ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤✺✹
s✉r❢❛❝❡ str❡ss❡s ✭❊r❡♠❡②❡✈✱ ❘♦s✐✱ ❛♥❞ ◆❛✐❧✐✱ ✷✵✶✻✮✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✺✺
s♦♠❡t✐♠❡s ❞✐✛❡r❡♥t ❝♦♥st✐t✉t✐✈❡ ♠♦❞❡❧s ♠❛② ❧❡❛❞ t♦ t❤❡ s❛♠❡ q✉❛❧✐t❛t✐✈❡ ✇❛✈❡✺✻
♣❛tt❡r♥✱ ❛s ✐t ✐s s❤♦✇♥ ❜② ❊r❡♠❡②❡✈✱ ❘♦s✐✱ ❛♥❞ ◆❛✐❧✐ ✭✷✵✶✽✮ ❢♦r ❛♥t✐♣❧❛♥❡ ✇❛✈❡✺✼
♣r♦♣❛❣❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ●✉rt✐♥✲▼✉r❞♦❝❤ s✉r❢❛❝❡ ❡❧❛st✐❝✐t② ♦r ❝♦♥s✐❞❡r✐♥❣ t❤❡✺✽
❚♦✉♣✐♥✲▼✐♥❞❧✐♥ str❛✐♥✲❣r❛❞✐❡♥t ❡❧❛st✐❝✐t② ♠♦❞❡❧s✳✺✾
❲❤❡♥ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♠✐❝r♦str✉❝t✉r❡❞ ♠❡❞✐❛✱ ✐t ❛♣✲✻✵
♣❡❛rs t❤❛t ❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞❡❛❧ ✇✐t❤ st❛t✐❝ ♦r st❡❛❞②✲✻✶
✸
st❛t❡ ♣r♦♣❛❣❛t✐♥❣ ♣r♦❜❧❡♠s✳ ❩❤❛♥❣✱ ❍✉❛♥❣✱ ❈❤❡♥✱ ❛♥❞ ❍✇❛♥❣ ✭✶✾✾✽✮ ❣✐✈❡ t❤❡✻✷
❢✉❧❧✲✜❡❧❞ s♦❧✉t✐♦♥ ❛♥❞ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ❢♦r t❤❡ st❛t✐❝ ▼♦❞❡ ■■■ ❝r❛❝❦ ♣r♦❜✲✻✸
❧❡♠ ✭❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥✮ ✐♥ ❛ r❡❞✉❝❡❞ ❈❙ ♠❛t❡r✐❛❧ ✇✐t❤ t❤r❡❡ ♠❛t❡r✐❛❧ ♣❛✲✻✹
r❛♠❡t❡rs ✭❛❧t❤♦✉❣❤ ♦♥❧② t✇♦ ❛✛❡❝t t❤❡ ❛♥t✐♣❧❛♥❡ ❜❡❤❛✈✐♦✉r✮✳ ❚❤❡ ❣❡♥❡r❛❧ s♦❧✉✲✻✺
t✐♦♥ ❢♦r ✐♥❞❡t❡r♠✐♥❛t❡ ❈❙ ♠❛t❡r✐❛❧s ✐s ❣✐✈❡♥ ✐♥ ❘❛❞✐ ✭✷✵✵✽✮✳ ▲❛t❡r✱ t❤❡ ♣r♦❜❧❡♠✻✻
♦❢ st❡❛❞②✲st❛t❡ ▼♦❞❡ ■■■ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ▼✐s❤✉r✐s✱✻✼
P✐❝❝♦❧r♦❛③✱ ❛♥❞ ❘❛❞✐ ✭✷✵✶✷✮❀ ▼♦r✐♥✐✱ P✐❝❝♦❧r♦❛③✱ ▼✐s❤✉r✐s✱ ❛♥❞ ❘❛❞✐ ✭✷✵✶✸✮❀✻✽
▼♦r✐♥✐✱ P✐❝❝♦❧r♦❛③✱ ❛♥❞ ▼✐s❤✉r✐s ✭✷✵✶✹✮✳ ●❡♦r❣✐❛❞✐s ✭✷✵✵✸✮ ❛♣♣❡❛rs t♦ ❜❡ t❤❡✻✾
✜rst ❛♥❞ ♦♥❧② ❝♦♥tr✐❜✉t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ ❞②♥❛♠✐❝ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ❛ str❛✐❣❤t✼✵
s❡♠✐✲✐♥✜♥✐t❡ ❝r❛❝❦ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠✐❝r♦str✉❝t✉r❡✱ ❛❧t❤♦✉❣❤ t❤❡ ❧❛tt❡r ✐s ❛❝✲✼✶
❝♦✉♥t❡❞ ❢♦r t❤r♦✉❣❤ t❤❡ s✐♠♣❧❡r ❣r❛❞❡ t✇♦ str❛✐♥ ❣r❛❞✐❡♥t t❤❡♦r②✳ ❇❡s✐❞❡s✱ t❤❡✼✷
❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ✜❡❧❞✱ ✇✐t❤ t✐♠❡✲❤❛r♠♦♥✐❝ ✈❛r✐❛t✐♦♥✱ ✐s✼✸
❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢❛r ✜❡❧❞ ❛s t❤❡ ❢♦r❝✐♥❣ t❡r♠✳✼✹
■♥ t❤✐s ♣❛♣❡r✱ ❛ tr❛✈❡❧❧✐♥❣ ✇❛✈❡ ❧♦❛❞✐♥❣✱ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ s❤❡❛r r❡❞✉❝❡❞✼✺
tr❛❝t✐♦♥s ❛t t❤❡ ❝r❛❝❦ ❢❛❝❡s✱ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❢♦r❝✐♥❣ t❡r♠✳ ❆s ❛ r❡s✉❧t✱ ❛✼✻
❝♦♠♣❧✐❝❛t❡❞ ✇❛✈❡ ♣❛tt❡r♥ ❛♣♣❡❛rs✱ ✇❤✐❝❤ ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ ❝❧❛ss✐✲✼✼
❝❛❧ s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❋r❡✉♥❞ ✭✶✾✾✽✮✳ ❚❤✐s ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥ ♠❛② ❜❡ ✉s❡❞ ❛s✼✽
❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ t♦ ❛❞❞r❡ss✱ ❜② ♠❡❛♥s ♦❢ s✉♣❡r♣♦s✐t✐♦♥✱ ❛♥② ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✼✾
♣r♦❜❧❡♠ ✐♥ ❛ ❝r❛❝❦❡❞ ❈❙ ❤❛❧❢✲s♣❛❝❡✳ ❘❡s♦♥❛♥❝❡ ✐s tr✐❣❣❡r❡❞ ✇❤❡♥ t❤❡ ❛♣♣❧✐❡❞✽✵
❧♦❛❞✐♥❣ ✐s ❢❡❞ ✐♥t♦ t❤❡ ❝r❛❝❦✲t✐♣ ❛t ❘❛②❧❡✐❣❤ s♣❡❡❞✳ ❊❧❛st♦❞②♥❛♠✐❝ str❡ss ✐♥t❡♥✲✽✶
s✐t② ❢❛❝t♦rs ❛r❡ ❣✐✈❡♥✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥✽✷
❘❛❞✐ ✭✷✵✵✽✮ ❢♦r t❤❡ st❛t✐❝ r❡❣✐♠❡✳ ❚❤❡② ✐♥❝♦r♣♦r❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛♣♣❧✐❡❞✽✸
❧♦❛❞✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡r❡❜② ❛❝❝♦✉♥t ❢♦r t❤❡ ✐♥t❡r♣❧❛② ♦❢ t❤❡ ❞✐✛r❛❝t❡❞ ✇❛✈❡s✳✽✹
✷✳ ❆♥t✐♣❧❛♥❡ ❝♦✉♣❧❡ str❡ss ❡❧❛st✐❝✐t②✽✺
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❈❛rt❡s✐❛♥ ❝♦✲♦r❞✐♥❛t❡ s②st❡♠ (O, x1, x2, x3)✱ s✉❝❤ t❤❛t t❤❡✽✻
r❡❝t✐❧✐♥❡❛r ❝r❛❝❦ ♦❝❝✉♣✐❡s t❤❡ s❡♠✐✲✐♥✜♥✐t❡ ❧✐♥❡ x1 < 0✱ ❋✐❣✳✶✳ ❚❤❡ ✐♥❞❡t❡r♠✐✲✽✼
♥❛t❡ t❤❡♦r② ♦❢ ❈❙ ❡❧❛st✐❝✐t② ❛❞♦♣t❡❞ ✐♥ t❤❡ ♣r❡s❡♥t st✉❞② ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣✽✽
❦✐♥❡♠❛t✐❝❛❧ ✭❝♦♠♣❛t✐❜✐❧✐t②✮ ❝♦♥❞✐t✐♦♥s ✭❑♦✐t❡r✱ ✶✾✻✹✱ ❊qs✳✭✹✳✾✮✮ ❢♦r t❤❡ str❛✐♥✽✾
t❡♥s♦r✾✵
ε = Symgradu, ✭✶✮
✹
❋✐❣✉r❡ ✶✿ ❙❡♠✐✲✐♥✜♥✐t❡ r❡❝t✐❧✐♥❡❛r ❝r❛❝❦ x1 < 0 ✐♥ ❛ ❤❛❧❢✲s♣❛❝❡ ✉♥❞❡r ❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥
❛❧♦♥❣ x3
❢♦r t❤❡ r♦t❛t✐♦♥ ✈❡❝t♦r✾✶
ϕ = 12 curlu, ✭✷✮
❛♥❞ ❢♦r t❤❡ t♦rs✐♦♥✲✢❡①✉r❡ t❡♥s♦r✾✷
χ = gradϕ. ✭✸✮
❲❡ ♦❜s❡r✈❡ t❤❛t✱ t❤r♦✉❣❤ ❊q✳✭✸✮✱ ♠✐❝r♦✲r♦t❛t✐♦♥s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛❝r♦✲
♠♦t✐♦♥✱ ✇❤✐❝❤ ❢❡❛t✉r❡ ♠❛❦❡s t❤❡ ❈❙ t❤❡♦r② ❛ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦♣♦❧❛r t❤❡✲
♦r②✳ ❯♥❞❡r ❛♥t✐♣❧❛♥❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ u = (u1, u2, u3)
✐s ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❝♦♠♣♦♥❡♥t u3 = u3(x1, x2, x3, t)✳ ❚❤❡
♥♦♥③❡r♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ str❛✐♥✱ r♦t❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ✢❡①✉r❡✲t♦rs✐♦♥ t❡♥s♦rs
❜❡❝♦♠❡
ε13 =
1
2u3,1, ε23 =
1
2u3,2, ✭✹❛✮
ϕ1 =
1
2u3,2, ϕ2 = − 12u3,1, ✭✹❜✮
χ11 = −χ22 = 12u3,12, χ21 = − 12u3,11, χ12 = 12u3,22. ✭✹❝✮
❍❡r❡✐♥❛❢t❡r✱ ❛ s✉❜s❝r✐♣t ❝♦♠♠❛ ❞❡♥♦t❡s ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ❡✳❣✳ u3,i =✾✸
∂u3/∂xi✳✾✹
❚❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r t ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ✐ts s②♠♠❡tr✐❝ ❛♥❞ s❦❡✇✲✾✺
s②♠♠❡tr✐❝ ♣❛rts✱ r❡s♣❡❝t✐✈❡❧② σ ❛♥❞ τ ✱✾✻
t = σ + τ , σ = Sym t, τ = Skw t.
✺
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ t❤❡ ❝♦✉♣❧❡ str❡ss t❡♥s♦r✱ µ✱ ✐s ✐♥tr♦❞✉❝❡❞ ❛s✾✼
❜❡✐♥❣ ✇♦r❦✲❝♦♥❥✉❣❛t❡❞ t♦ χT ✭❑♦✐t❡r✱ ✶✾✻✹✱ ❊q✳✭✷✳✷✷✮✮✳ ■♥❞❡❡❞✱ t❤❡ ❈❙ t❤❡♦r② ✐s✾✽
♥❛♠❡❞ ✐♥❞❡t❡r♠✐♥❛t❡ ❛❢t❡r t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡ ✜rst ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝♦✉♣❧❡✲✾✾
str❡ss t❡♥s♦r✱ ✐✳❡✳ tr µ = µ11 + µ22 + µ33✱ r❡sts ✐♥❞❡t❡r♠✐♥❛t❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐t✶✵✵
♠❛② ❜❡ s❡t ❡q✉❛❧ t♦ ③❡r♦ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳✶✵✶
❆t ❛♥② ♣♦✐♥t ♦❢ ❛ s♠♦♦t❤ s✉r❢❛❝❡ ✇❡ ♠❛② s♣❡❝✐❢② t❤❡ r❡❞✉❝❡❞ ❢♦r❝❡ tr❛❝t✐♦♥✶✵✷
✈❡❝t♦r p ❛♥❞ t❤❡ t❛♥❣❡♥t✐❛❧ ♣❛rt ♦❢ t❤❡ ❝♦✉♣❧❡ str❡ss tr❛❝t✐♦♥ ✈❡❝t♦r q ✭❑♦✐t❡r✱✶✵✸
✶✾✻✹✱ ❊qs✳✭✸✳✺✲✻✮✮✶✵✹
p = tTn+ 12 gradµnn × n, q = µTn− µnnn, ✭✺✮
✇❤❡r❡ ✇❡ ❤❛✈❡ µnn = n · µn = q · n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛t t❤❡ ❜♦tt♦♠✴t♦♣ ❝r❛❝❦✶✵✺
❢❛❝❡ x2 = 0
∓✱ ✐t ✐s n = ±(0, 1, 0) ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ❊qs✳✭✺✮✱ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡✶✵✻
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❞✉❝❡❞ ❢♦r❝❡ tr❛❝t✐♦♥ ❛♥❞ t❤❡ ✐♥✲♣❧❛♥❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡✶✵✼
❝♦✉♣❧❡ str❡ss tr❛❝t✐♦♥ r❡❛❞✱ r❡s♣❡❝t✐✈❡❧②✱✶✵✽
p3 = ±
(
t23 +
1
2µ22,1
)
, q1 = ±µ21, q2 = 0. ✭✻✮
❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts r❡❛❞ ✭❑♦✐t❡r✱
✶✾✻✹✱ ❊qs✳✭✷✳✼✮ ❛♥❞ ✭✷✳✾✮✮
σ13,1 + σ23,2 + τ13,1 + τ23,2 = ρu¨3, ✭✼❛✮
µ11,1 + µ21,2 + 2τ23 = Jϕ¨1, ✭✼❜✮
µ12,1 + µ22,2 − 2τ13 = Jϕ¨2, ✭✼❝✮
✇❤❡r❡ ̺ ✐s t❤❡ ♠❛ss ❞❡♥s✐t② ❛♥❞ J ✐s t❤❡ r♦t❛t✐♦♥❛❧ ✐♥❡rt✐❛✳ ❲✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦✶✵✾
♦❢ ❧✐♥❡❛r ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ t♦t❛❧ str❛✐♥ ε ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡ χ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦✶✶✵
t❤❡ str❡ss ❛♥❞ t♦ t❤❡ ❝♦✉♣❧❡ str❡ss t❤r♦✉❣❤ t❤❡ ✐s♦tr♦♣✐❝ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✶✶✶
σ = 2Gε+ Λ(tr ε)1, µ = 2Gℓ2
(
χT + ηχ
)
✭✽✮
✇❤❡r❡ Λ ❛♥❞ G > 0 t❛❦❡ ✉♣ t❤❡ r♦❧❡ ♦❢ ▲❛♠é ♠♦❞✉❧✐✱ 1 ✐s t❤❡ ✐❞❡♥t✐t② t❡♥s♦r✱ ℓ >✶✶✷
0 ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❛♥❞ −1 < η < 1 ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡r s✐♠✐❧❛r t♦✶✶✸
P♦✐ss♦♥✬s r❛t✐♦✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ Λ ✐s ✐♠♠❛t❡r✐❛❧ ❢♦r ❛♥t✐♣❧❛♥❡✶✶✹
✻
❞❡❢♦r♠❛t✐♦♥s✱ ❝❢✳ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✶✾✾✽✱ ❊qs✳✭✽✲✾✮✮✳ ❇❡s✐❞❡s✱ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✶✶✺
✐♥ ✭✽✮ ❞✐✛❡rs ❢r♦♠ ✭❑♦✐t❡r✱ ✶✾✻✹✱ ❊qs✳✭✹✳✼✮✮ ❜② ❛ ❢❛❝t♦r 2✱ ✇❤✐❝❤ ✐s ✐♥❝♦r♣♦r❛t❡❞✶✶✻
✐♥ ℓ✳ ❚❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ℓ ❛♥❞ η ❞❡♣❡♥❞ ♦♥ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❛♥❞ ❝❛♥ ❜❡✶✶✼
❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐♥ ❜❡♥❞✐♥❣✱ ℓb✱ ❛♥❞ ✐♥ t♦rs✐♦♥✱✶✶✽
ℓt✱ t❤r♦✉❣❤✶✶✾
ℓb = ℓ/
√
2, ℓt = ℓ
√
1 + η. ✭✾✮
❱❛❧✉❡s ♦❢ ℓb ❛♥❞ ℓt ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ▲❛❦❡s ✭✶✾✽✻✮❀ ◆❛❦❛♠✉r❛ ❛♥❞ ▲❛❦❡s ✭✶✾✾✺✮✶✷✵
❛♥❞✱ ❛s ❛♥ ❡①❛♠♣❧❡✱ ❢♦r ♣♦❧②✉r❡t❤❛♥❡ ❢♦❛♠ ✇❡ ❤❛✈❡✶✷✶
ℓ = 0.462 ♠♠, η = 0.797
❚❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ η = −1 ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❛♥✐s❤✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐♥✶✷✷
t♦rs✐♦♥✱ ✇❤✐❝❤ ✐s t②♣✐❝❛❧ ♦❢ ♣♦❧②❝r②st❛❧❧✐♥❡ ♠❡t❛❧s✳ ❈❧❡❛r❧②✱ t❤❡ ❞❡✜♥✐t✐♦♥s ✭✾✮✶✷✸
s❤♦✇ t❤❛t ℓt = ℓb ❢♦r η = − 12 ❛♥❞ ℓt = ℓ =
√
2ℓb ❢♦r η = 0✱ t❤❡ ❧❛tt❡r s✐t✉❛✲✶✷✹
t✐♦♥ ❜❡✐♥❣ t❤❡ str❛✐♥ ❣r❛❞✐❡♥t ❡✛❡❝t ❝♦♥s✐❞❡r❡❞ ✐♥ ❩❤❛♥❣ ❡t ❛❧✳ ✭✶✾✾✽✮✳ ❋♦r t❤❡✶✷✺
❧✐♠✐t✐♥❣ ✈❛❧✉❡ η ❂ ✶✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ✭✽✮ ♣r♦✈✐❞❡s ❛ s②♠♠❡tr✐❝ ❝♦✉✲✶✷✻
♣❧❡ str❡ss t❡♥s♦r ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣r❡s❡♥t t❤❡♦r② r❡❞✉❝❡s t♦ t❤❡ ♠♦❞✐✜❡❞✶✷✼
❝♦✉♣❧❡ str❡ss t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t② ✐♥tr♦❞✉❝❡❞ ✐♥ ❨❛♥❣✱ ❈❤♦♥❣✱ ▲❛♠✱ ❛♥❞ ❚♦♥❣✶✷✽
✭✷✵✵✷✮✳ ■♥❞❡❡❞✱ t❤❡ s✐♠♣❧✐✜❡❞ ❝♦✉♣❧❡ str❡ss t❤❡♦r② ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ ♠❛t❡r✐❛❧✶✷✾
❧❡♥❣t❤ ℓ ❢♦r ℓb = ℓt/2 = ℓ/
√
2✳✶✸✵
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✭✽✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❦✐♥❡♠❛t✐❝ r❡❧❛t✐♦♥s ✭✶✲✹✮✱
❣✐✈❡ str❡ss ❛♥❞ ❝♦✉♣❧❡ str❡ss ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥t
σ13 = Gu3,1, σ23 = Gu3,2, ✭✶✵❛✮
µ11 = −µ22 = Gℓ2(1 + η)u3,12, µ21 = Gℓ2(u3,22 − ηu3,11), ✭✶✵❜✮
µ12 = −Gℓ2(u3,11 − ηu3,22). ✭✶✵❝✮
❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ ♣❛rt τ ♦❢ t❤❡ t♦t❛❧ str❡ss t❡♥s♦r t ✐s ❞❡t❡r✲✶✸✶
♠✐♥❡❞ ❜② r♦t❛t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ■♥❞❡❡❞✱ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❊qs✳✭✶✵✮ ✐♥t♦ ❊qs✳✭✼❜✮✶✸✷
❛♥❞ ✭✼❝✮ ②✐❡❧❞s✶✸✸
τ13 = − 12Gℓ2∆u3,1 +
J
4
u¨3,1, τ23 = − 12Gℓ2∆u3,2 +
J
4
u¨3,2, ✭✶✶✮
✼
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❊qs✳✭✾✮ ♦❢ ▼✐s❤✉r✐s ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❍❡r❡✱ ∆ ❞❡♥♦t❡s t❤❡ ✷✲❉✶✸✹
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳✶✸✺
✸✳ ❚✐♠❡✲❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s✶✸✻
■t ✐s ❢♦✉♥❞ ❡①♣❡❞✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤ λℓ ❛♥❞ t❤❡ r❡❢❡r✲✶✸✼
❡♥❝❡ t✐♠❡ T = ℓ/cs ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦✲♦r❞✐♥❛t❡s (ξ1, ξ2, ξ3) =✶✸✽
(λℓ)−1(x1, x2, x3) ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss t✐♠❡ τ = t/T ✳ ❍❡r❡✱ cs =
√
G/ρ ✐s t❤❡✶✸✾
s❤❡❛r ✇❛✈❡ s♣❡❡❞ ♦❢ ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ ♠❡❞✐❛ ❛♥❞ λ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡✶✹✵
❝♦♥s✐❞❡r ❛ s❤❡❛r tr❛❝t✐♦♥ ✇❛✈❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝r❛❝❦ ❢❛❝❡s ❛♥❞ ③❡r♦ ♠✐❝r♦♣♦❧❛r✶✹✶
str❡ss✶✹✷
p3(ξ1, 0
±, τ) = ±Gτ0 exp [ı(kξ1 +Ωτ)] , q1(ξ1, 0±, τ) = 0, ξ1 < 0, ✭✶✷✮
✇❤❡r❡ ı ✐s t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t ❛♥❞ Ω = ωT > 0 t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✭t✐♠❡✮ ❢r❡✲✶✹✸
q✉❡♥❝②✳ ❍❡r❡✱ k ❞❡♥♦t❡s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✭s♣❛t✐❛❧✮ ✇❛✈❡♥✉♠❜❡r ❛♥❞ ✐t ✐s ❛✶✹✹
❝♦♠♣❧❡① ♥✉♠❜❡r ✇✐t❤ ♥♦♥✲♣♦s✐t✐✈❡ ✐♠❛❣✐♥❛r② ♣❛rt✱ ✐✳❡✳ ℑ(k) ≤ 0✱ t♦ ✇❛rr❛♥t✶✹✺
♣r♦♣❛❣❛t✐♦♥✴❞❡❝❛② ❛s ξ1 → −∞✳ ■♥ ❢❛❝t✱ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ℑ(k) = 0 ❝♦rr❡s♣♦♥❞s✶✹✻
t♦ ❛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡ ✇✐t❤ ♣❤❛s❡ ✈❡❧♦❝✐t②✶✹✼
c =
Ω
k
λ. ✭✶✸✮
❲❤❡♥ ℜ(k) ≶ 0✱ t❤❡ ❛♣♣❧✐❡❞ ✇❛✈❡ ✐s ✐♠♣✐♥❣✐♥❣ ✉♣♦♥✴♠♦✈✐♥❣ ♦✉t ♦❢ t❤❡ ❝r❛❝❦✲✶✹✽
t✐♣✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ℜ(k) = 0✱ ❛ ❤❛r♠♦♥✐❝ ✭✐♥ t✐♠❡✮ ❧♦❛❞✐♥❣✱ ❡①♣♦♥❡♥t✐❛❧❧②✶✹✾
❞❡❝❛②✐♥❣ ❛❧♦♥❣ t❤❡ ❝r❛❝❦✱ ✐s ❝♦♥s✐❞❡r❡❞✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱✶✺✵
τ0 = τ0(k,Ω) ❛♥❞ t❤✐s ♣r♦❜❧❡♠ ♠❛② ❜❡ ✉s❡❞ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ t♦ s♦❧✈❡ ❛♥②✶✺✶
❤❛r♠♦♥✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❛ ❝r❛❝❦❡❞ ❝♦✉♣❧❡ str❡ss ❤❛❧❢✲s♣❛❝❡ ✐♥✶✺✷
❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥✳✶✺✸
❆ss✉♠✐♥❣ t❤❡ s❛♠❡ t✐♠❡✲❤❛r♠♦♥✐❝ ✈❛r✐❛t✐♦♥ ❢♦r t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡✲✶✺✹
♠❡♥t ❛s ✐♥ t❤❡ ❛♣♣❧✐❡❞ ✇❛✈❡ ✭✶✷✮✶✺✺
u3(ξ1, ξ2, τ) = ℓw(ξ1, ξ2) exp ıΩτ,
❛♥❞ s✉❜st✐t✉t✐♥❣ ❊qs✳✭✶✵❛✲✶✶✮ ✐♥t♦ ✭✼✲✼❝✮✱ ✇❡ ❣❡t t❤❡ ♠❡t❛❤❛r♠♦♥✐❝ P❉❊ ●❡♦r✲✶✺✻
❣✐❛❞✐s ❛♥❞ ❱❡❧❣❛❦✐ ✭✷✵✵✸✮ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ w✿✶✺✼
∆∆w − 2 (1− h20Ω2)λ2∆w − 2Ω2λ4w = 0, ✭✶✹✮
✽
✇❤❡r❡ ∆w = w,11 +w,22 ❛♥❞ ✇❡ ❤❛✈❡ ❧❡t t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡r ▼✐s❤✉r✐s✶✺✽
❡t ❛❧✳ ✭✷✵✶✷✮✶✺✾
h0 =
h
ℓ
, ✇✐t❤ h = 12
√
J
ρ
.
❲❡ ♦❜s❡r✈❡ t❤❛t h ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐♥tr♦✲✶✻✵
❞✉❝❡❞ ✐♥ ❙❤♦❞❥❛ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ❚❤✐s ❣❡♥❡r❛❧✐③❡❞ ❜✐✲❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡✶✻✶
❡❛s✐❧② ❢❛❝t♦r❡❞✶✻✷ (
∆+ δ2
)
(∆− 1)w = 0, ✭✶✺✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ❧❡t t❤❡ ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡r✶✻✸
δ =
1√
2Ω
[√
(1− h20Ω2)2 + 2Ω2 − 1 + h20Ω2
]
, ✭✶✻✮
❛♥❞✱ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r λ ❛s t♦ ❤❛✈❡ 1 ✐♥ t❤❡
s❡❝♦♥❞ ❢❛❝t♦r ♦❢ ❊q✳✭✶✺✮
λ =
√
δ√
2Ω
.
❲❡ ♦❜s❡r✈❡ t❤❛t λ ✐s ❛ str✐❝t❧② ♠♦♥♦t♦♥✐❝ ✐♥❝r❡❛s✐♥❣ ✭❞❡❝r❡❛s✐♥❣✮ ❢✉♥❝t✐♦♥ ♦❢ Ω✶✻✹
✐♥❛s♠✉❝❤ ❛s h0 ≷ h0cr = 1/
√
2✱ ✇❤✐❧❡ h0 = h0cr ❧❡♥❞s λ ≡ h0cr✳ ❇❡s✐❞❡s✱ ✐♥ t❤❡✶✻✺
st❛t✐❝ ❧✐♠✐t Ω = 0✱ ✇❡ ❣❡t δ = 0✱ λ = h0cr ❛♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❜♦✐❧s ❞♦✇♥ t♦✶✻✻
∆(∆− 1)w = 0,
t❤❛t r❡❝♦✈❡rs t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❢♦r t❤❡ st❛t✐❝ r❡❣✐♠❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ✭❘❛❞✐✱✶✻✼
✷✵✵✽✱ ❊q✳✭✶✵✮✮ ❛♥❞ ✐♥ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✶✾✾✽✱ ❊q✳✭✶✶✮✮✳ ■t ✐s ✇♦rt❤ ❡♠♣❤❛s✐③✐♥❣✶✻✽
t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ η = −1 ❧❡♥❞s t❤❡ ▼♦❞❡ ■■■ ❝r❛❝❦ ♣r♦❜❧❡♠ ♦❢ ❝❧❛ss✐❝❛❧✶✻✾
❧✐♥❡❛r ❡❧❛st✐❝✐t② ✐♥ t❤❡ st❛t✐❝ r❡❣✐♠❡ ♦♥❧②✳✶✼✵
❯s✐♥❣ ❊qs✳✭✶✱✽✱✶✵❜✱ ✶✶✮ ✐♥t♦ t❤❡ ✜rst ♦❢ ❊qs✳✭✻✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❛❞✐♥❣✶✼✶
❝♦♥❞✐t✐♦♥s ✭✶✷✮ ❜❡❝♦♠❡s✶✼✷
(1− δ2)w,2 − [(2 + η)w,11 + w,22],2 = 2λ3τ0 exp ıkξ1, ξ1 < 0, ξ2 = 0+. ✭✶✼✮
❇❡s✐❞❡s✱ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ ❝❤❛r❛❝t❡r ♦❢ ▼♦❞❡ ■■■ r❡q✉✐r❡s
w(ξ1, 0) = 0, ξ1 > 0, ✭✶✽❛✮
q1(ξ1, 0) = 0, ξ1 > 0. ✭✶✽❜✮
✾
❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ③❡r♦ ♠✐❝r♦♣♦❧❛r tr❛❝t✐♦♥ q1(ξ1, 0) = 0 st❛♥❞s ❛❧♦♥❣✶✼✸
t❤❡ ✇❤♦❧❡ ❝r❛❝❦ ❧✐♥❡ ❛♥❞✱ ✐♥ ❧✐❣❤t ♦❢ ❊qs✳✭✻✱✶✵❜✮✱ ✐t ❣✐✈❡s✶✼✹
w,22 − ηw,11 = 0, ξ2 = 0. ✭✶✾✮
❲❡ ♥♦t❡ t❤❛t t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r η ♦♥❧② ❛♣♣❡❛rs ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✶✼✺
✭✶✼✮ ❛♥❞ ✭✶✾✮✳✶✼✻
✸✳✶✳ ❊❞❣❡✲✇❛✈❡s ❢♦r ❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥✶✼✼
P❧❛♥❛r s❤❡❛r ✇❛✈❡s tr❛✈❡❧❧✐♥❣ ✐♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞✲
❡r❡❞ ✐♥ ✭▼✐s❤✉r✐s ❡t ❛❧✳✱ ✷✵✶✷✱ ➓✷✳✶✮✳ ❍❡r❡✱ s✐♠✐❧❛r❧② t♦ ❖tt♦s❡♥ ❡t ❛❧✳ ✭✷✵✵✵✮❀
●❡♦r❣✐❛❞✐s ❛♥❞ ❱❡❧❣❛❦✐ ✭✷✵✵✸✮✱ ✇❡ ❧♦♦❦ ❛t ❡❞❣❡✲✇❛✈❡ s♦❧✉t✐♦♥s
u3(ξ1, ξ2, τ) = ℓW (ξ2) exp [ı (mξ1 +Ωτ)] ,
✇❤❡r❡ W (ξ2) ❞❡❝❛②s ❢❛st ❡♥♦✉❣❤ ❛✇❛② ❢r♦♠ t❤❡ ❝r❛❝❦ ❧✐♥❡ ❛♥❞ ✇❡ ❛ss✉♠❡ m t♦
❜❡ r❡❛❧✳ ❚❤❡♥✱ ❊q✳✭✶✺✮ ❣♦✈❡r♥✐♥❣ ❤❛r♠♦♥✐❝ ♠♦t✐♦♥ ❢♦r ❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥
❣✐✈❡s
W ′′′′ +
(
δ2 − 2m2 − 1)W ′′ + (m2 + 1) (m2 − δ2)W = 0,
✇❤✐❝❤ ❛❞♠✐ts t❤❡ s♦❧✉t✐♦♥✶✼✽
W (ξ2) = C1 exp [−α(m)ξ2] + C2 exp [−β(m)ξ2] , ✭✷✵✮
✇❤❡r❡✶✼✾
α(s) =
√
s2 − δ2, β(s) =
√
s2 + 1. ✭✷✶✮
❚❤❡ ❝♦♥st❛♥ts C1 ❛♥❞ C2 ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♠♣♦s✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥✲✶✽✵
❞✐t✐♦♥s ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡✱ ✇❤✐❝❤ ❛♠♦✉♥ts t♦ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ r❡❞✉❝❡❞ ❢♦r❝❡✶✽✶
❛♥❞ ❝♦✉♣❧❡ str❡ss tr❛❝t✐♦♥ ❛t ξ2 = 0✱✶✽✷ 

W ′(0) + 11−δ2
[
(2 + η)m2W ′(0)−W ′′′(0)] = 0,
W ′′(0) + ηm2W (0) = 0.
✭✷✷✮
P❧✉❣❣✐♥❣ ❊q✳✭✷✵✮ ✐♥t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✷✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r
s②st❡♠ ❢♦r t❤❡ ❝♦♥st❛♥ts C1 ❛♥❞ C2

α(m)
[
(η + 1)m2 + 1
]
C1 + β(m)
[
(η + 1)m2 − δ2]C2 = 0[
(η + 1)m2 − δ2]C1 + [(η + 1)m2 + 1]C2 = 0 ,
✶✵
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✭❜✮
❋✐❣✉r❡ ✷✿ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ r♦♦t a ✭❛✮ ♦❢ t❤❡ ♣✉r❡❧② ✐♠❛❣✐♥❛r② r♦♦t ıb ✭❜✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
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✭❜✮
❋✐❣✉r❡ ✸✿ ❉♦♠❛✐♥ (δ, η) ❢♦r t❤❡ ❝♦♠♣❧❡① r♦♦t s3 t♦ s✐t ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❘✐❡♠❛♥♥ s❤❡❡t✿ ✭❛✮
♦✉ts✐❞❡ t❤❡ s❤❛❞❡❞ ❛r❡❛ s3 s❧✐♣s t❤r♦✉❣❤ t❤❡ ❜r❛♥❝❤ ❝✉t ♦✉t ♦❢ t❤❡ ♣❤②s✐❝❛❧ s❤❡❡t❀ ✭❜✮ r♦❧❡ ♦❢
h0 ♦♥ t❤❡ ❞♦♠❛✐♥ (Ω, η)
✇❤✐❝❤ ❛❞♠✐ts ♥♦♥✲tr✐✈✐❛❧ s♦❧✉t✐♦♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝✉❧❛r ❡q✉❛t✐♦♥✶✽✸
✐s s❛t✐s✜❡❞✶✽✹
R(m) = 0, ✭✷✸✮
✇❤❡r❡✶✽✺
R(s) = α(s)
[
(η + 1)s2 + 1
]2 − β(s) [(η + 1)s2 − δ2]2 . ✭✷✹✮
❚❤❡ ❢✉♥❝t✐♦♥ R(s) ✐s t❤❡ ❘❛②❧❡✐❣❤ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❢♦r ❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥✶✽✻
✐♥ ❝♦✉♣❧❡ str❡ss ❡❧❛st✐❝ ♠❛t❡r✐❛❧s✳ ■t ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ✭❋r❡✉♥❞✱ ✶✾✾✽✱✶✽✼
❊q✳✭✷✳✺✳✶✷✮✮✱ ✈❛❧✐❞ ❢♦r ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ ♠❛t❡r✐❛❧s✳ ❋♦r t❤❡ s❡❧❡❝t❡❞ ❜r❛♥❝❤ ❝✉ts✱✶✽✽
✶✶
t❤❡ ❢✉♥❝t✐♦♥ R(s) ✐s s✐♥❣❧❡ ✈❛❧✉❡❞ ❛♥❞ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ❝✉t s✲♣❧❛♥❡✳ ■♥ ❝♦♥tr❛st t♦✶✽✾
❝❧❛ss✐❝❛❧ ❡❧❛st✐❝✐t② ✭❋r❡✉♥❞✱ ✶✾✾✽✱ ➓✷✳✺✳✷✮✱ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ r❛♥❣❡ ♦❢ ✈❛r✐❛t✐♦♥✶✾✵
♦❢ t❤❡ ♣❛r❛♠❡t❡rs δ ❛♥❞ η✱ ❊q✳✭✷✸✮ ❛❞♠✐ts t❤r❡❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ♣❛✐rs ♦❢✶✾✶
♦r❞❡r✲✶ r♦♦ts✱ ♥❛♠❡❧② t✇♦ r❡❛❧ r♦♦ts s = ±a✱ t✇♦ ♣✉r❡❧② ✐♠❛❣✐♥❛r② r♦♦ts s = ±ıb✶✾✷
❛♥❞ t❤❡ ♣❛✐r ♦❢ ❝♦♠♣❧❡① r♦♦ts s = ±s3✱ ✇❤✐❝❤ ♠❛② ❢❛❧❧ ♦✉t ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❘✐❡✲✶✾✸
♠❛♥♥ s❤❡❡t✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ r♦♦ts a ❛♥❞ ıb ❛❣❛✐♥st t❤❡ ♣❛r❛♠❡t❡rs η ❛♥❞ δ ✐s✶✾✹
♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳✷✳ ❚❤❡r❡✱ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t a ≥ δ✱ b ≥ 1 ❛♥❞ ②❡t t❤❡② s✐t✶✾✺
✈❡r② ❝❧♦s❡ t♦ t❤❡ ❜r❛♥❝❤ ♣♦✐♥ts✱ ❡s♣❡❝✐❛❧❧② ❢♦r η > −1/2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡q✉❛❧✐t②✶✾✻
❤♦❧❞s ❢♦r η = 0✱ ❢♦r ✇❤✐❝❤ ✈❛❧✉❡ r♦♦ts ❜❡❝♦♠❡ ♦❢ ♦r❞❡r 1/2✳ ■♥ t❤❡ st❛t✐❝ ❝❛s❡ ✐t✶✾✼
✐s δ = 0 ❛♥❞ ✇❡ ❤❛✈❡ a = 0 ♦❢ ♦r❞❡r 1✳✶✾✽
❚❤❡ ♣❛✐r ♦❢ ✐♠❛❣✐♥❛r② r♦♦ts ±ıb ✐s ❤❡r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ str❛✐♥✲❣r❛❞✐❡♥t✶✾✾
❡✛❡❝t✳ ■♥ ❣❡♥❡r❛❧✱ ✐t ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❢♦✉rt❤✲♦r❞❡r ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❛♥❞ ✐t✷✵✵
❛❝❝♦✉♥ts ❢♦r t❤❡ ❡❞❣❡✲❡✛❡❝t ✐♥ s❤❡❧❧ t❤❡♦r✐❡s ❑❛♣❧✉♥♦✈ ❛♥❞ ◆♦❜✐❧✐ ✭✷✵✶✼✮ ♦r ❢♦r✷✵✶
❡✈❛♥❡s❝❡♥t ♠♦❞❡s ✐♥ s✉♣♣♦rt❡❞ ♣❧❛t❡s ◆♦❜✐❧✐✱ ❘❛❞✐✱ ❛♥❞ ▲❛♥③♦♥✐ ✭✷✵✶✼✮✳ ❚❤❡✷✵✷
❛❞❞✐t✐♦♥❛❧ ♣❛✐r ♦❢ ❝♦♠♣❧❡① r♦♦ts✱ ±s3✱ ❡①✐sts ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❘✐❡♠❛♥♥ s❤❡❡t ✐♥✷✵✸
t❤❡ ❞♦♠❛✐♥ (δ, η) ♣❧♦tt❡❞ ✐♥ ❋✐❣✳✸✳✷✵✹
❚❤❡ r❡❛❧ r♦♦t a > 0 ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✭✷✸✮ ♣r♦✈✐❞❡s t❤❡ ❘❛②❧❡✐❣❤✷✵✺
✇❛✈❡ s♣❡❡❞ cR ❛❝❝♦r❞✐♥❣ t♦ ❊q✳✭✶✸✮✷✵✻
cR
cs
=
1
a
√
Ωδ√
2
=
√√
(1− h20Ω2)2 + 2Ω2 − 1 + h20Ω2√
2a
. ✭✷✺✮
■♥ t❤❡ st❛t✐❝ ❧✐♠✐t✱ Ω→ 0+✱ ✇❡ ❤❛✈❡ a ∼ δ → Ω/√2✱ ✇❤❡♥❝❡ cR → cs ❛♥❞ ❡❞❣❡✲✷✵✼
✇❛✈❡s ❝♦❧❧❛♣s❡ ✐♥t♦ ❝❧❛ss✐❝❛❧ s❤❡❛r ✇❛✈❡s✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ η = 0✱ t❤❡ r♦♦ts a✷✵✽
❛♥❞ ıb ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❜r❛♥❝❤ ♣♦✐♥ts δ ❛♥❞ ı✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ s3 ❢❛❧❧s ♦✉t✷✵✾
t❤❡ ♣❤②s✐❝❛❧ s❤❡❡t✳ ■♥ t❤✐s ❝❛s❡✱ r❡♣❧❛❝✐♥❣ a ✇✐t❤ δ ✐♥ ❊q✳✭✷✺✮ ❛♥❞ ✉s✐♥❣ ❊q✳✭✶✻✮✷✶✵
❣✐✈❡s t❤❡ s♣❡❡❞ c˜ ♦❢ ❜✉❧❦ s❤❡❛r ✇❛✈❡s ✭❝❢✳ ✭▼✐s❤✉r✐s ❡t ❛❧✳✱ ✷✵✶✷✱ ❊q✳✭✶✹✮✮✮✷✶✶
c˜
cs
=
√√
(1− h20Ω2)2 + 2Ω2 + 1− h20Ω2√
2
.
■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ α(δ) = 0 = β(ı) ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✭✷✵✮ ✐s ♥♦ ❧♦♥❣❡r ❞❡❝❛②✐♥❣✷✶✷
❛✇❛② ❢r♦♠ t❤❡ ❝r❛❝❦ ❧✐♥❡✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ h0 = h0cr ❛♥❞ η = 0✱ ❡❞❣❡✲✇❛✈❡s✷✶✸
❝♦❧❧❛♣s❡ ✐♥t♦ ♥♦♥✲❞✐s♣❡rs✐✈❡ s❤❡❛r ✇❛✈❡s✱ ✐✳❡✳ cR = c˜ ≡ cs✳✷✶✹
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✭❞✮ h0 = 1
❋✐❣✉r❡ ✹✿ ❉✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❘❛②❧❡✐❣❤ ✇❛✈❡ s♣❡❡❞ cR/cs ✭t❤❡ ❝✉r✈❡ η = 0
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜✉❧❦ ✇❛✈❡ s♣❡❡❞ c˜/cs✮
✶✸
❉✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ r❡❧❛t✐✈❡ ❡❞❣❡✲✇❛✈❡ s♣❡❡❞ cR/cs ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s✷✶✺
♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs h0 ❛♥❞ η ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳✹✳ ❆s ✐t ✐s ✉s✉❛❧❧②✷✶✻
t❤❡ ❝❛s❡✱ ❡❞❣❡✲✇❛✈❡s ♦❝❝✉r ❛t s♣❡❡❞ s❧✐❣❤t❧② ❜❡❧♦✇ t❤❛t ♦❢ ❜✉❧❦ ✇❛✈❡s ❉❡str❛❞❡✱✷✶✼
❋✉✱ ❛♥❞ ◆♦❜✐❧✐ ✭✷✵✶✻✮✳ ❆s ❛♥t✐❝✐♣❛t❡❞✱ ✐♥ t❤❡ st❛t✐❝ ❧✐♠✐t✱ t❤❡ ❛♥t✐♣❧❛♥❡ ❡❞❣❡✲✷✶✽
✇❛✈❡ s♣❡❡❞ cR r❡❝♦✈❡rs t❤❡ s❤❡❛r ✇❛✈❡ s♣❡❡❞ ♦❢ ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ ♠❡❞✐❛ cs✳ ❲❡ ♦❜✲✷✶✾
s❡r✈❡ t❤❛t✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ r♦t❛t✐♦♥❛❧ ✐♥❡rt✐❛ ✭✐✳❡✳ h0 = 0✮✱ t❤❡ ❡❞❣❡✲✇❛✈❡ s♣❡❡❞✷✷✵
cR ❣r♦✇s ♠♦♥♦t♦♥✐❝❛❧❧② ✇✐t❤ t❤❡ ✇❛✈❡♥✉♠❜❡r ✭❋✐❣✳✹❛✮ ❛♥❞ ✇❛✈❡s ❛r❡ t❤❡r❡❜②✷✷✶
❞✐s♣❡rs✐✈❡✱ ❛s ❛❧r❡❛❞② ❢♦✉♥❞ ✐♥ ●r❛✛ ❛♥❞ P❛♦ ✭✶✾✻✼✮❀ ❖tt♦s❡♥ ❡t ❛❧✳ ✭✷✵✵✵✮ ❢♦r✷✷✷
♣❧❛♥❡✲str❛✐♥ ❘❛②❧❡✐❣❤ ✇❛✈❡s✳ ❇❡s✐❞❡s✱ cR > cs✱ ✇❤✐❝❤ ✐s ♣❤②s✐❝❛❧❧② ✉♥r❡❛❧✐st✐❝✷✷✸
✭❙❤♦❞❥❛ ❡t ❛❧✳✱ ✷✵✶✺✮✳ ■♥ ❝♦♥tr❛st✱ ❢♦r h0 > 0✱ t❤❡ ❡❞❣❡✲✇❛✈❡ s♣❡❡❞ q✉✐❝❦❧②✷✷✹
❛s②♠♣t♦t❡s ❛ ✜♥✐t❡ ❧✐♠✐t ❛♥❞ t❤❡ ❞✐s♣❡rs✐✈❡ ❝❤❛r❛❝t❡r ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐s r❡❛❧❧②✷✷✺
r❡str✐❝t❡❞ t♦ ❧♦✇ ✇❛✈❡♥✉♠❜❡rs✳ Pr♦♣❛❣❛t✐♦♥ t✉r♥s ♣❡r❢❡❝t❧② ♥♦♥✲❞✐s♣❡rs✐✈❡✱ ❛s✷✷✻
✐♥ ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ ♠❛t❡r✐❛❧s✱ ✇✐t❤ s♣❡❡❞ cR ≡ cs✱ ❢♦r h0 = h0cr ❛♥❞ η = 0✱ s❡❡✷✷✼
❋✐❣✳✹❝✳ ❋♦r h0 > h0cr ❛♥❞ η 6= 0 ♦r ❢♦r h0 > 0 ❛♥❞ η ❝❧♦s❡ ❡♥♦✉❣❤ t♦ −1✱ t❤❡✷✷✽
❡❞❣❡✲✇❛✈❡ s♣❡❡❞ ❜❡❝♦♠❡s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡♥✉♠❜❡r✳ ❚❤✐s ❜❡❤❛✈✐♦✉r✷✷✾
✐s ❞✐s❝✉ss❡❞ ✐♥ ●❡♦r❣✐❛❞✐s ❛♥❞ ❱❡❧❣❛❦✐ ✭✷✵✵✸✮✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❧❛♥❡✲str❛✐♥✷✸✵
❘❛②❧❡✐❣❤ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ ❧❛tt✐❝❡✷✸✶
t❤❡♦r✐❡s✳✷✸✷
❋✐❣✳✺ s✉♣❡r♣♦s❡s ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② cg
cg
cs
=
λ2
dm
dΩ λ−m dλdΩ
,
♦✈❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ❢♦r t❤❡ ❘❛②❧❡✐❣❤ ✇❛✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② cR✳✷✸✸
❉✐s♣❡rs✐♦♥ ✐s t❡r♠❡❞ ❛♥♦♠❛❧♦✉s ✇❤❡♥ cg > cR ❛♥❞ ♥♦r♠❛❧ ♦t❤❡r✇✐s❡ ✭❆❝❤❡♥✲✷✸✹
❜❛❝❤✱ ✷✵✶✷✱ ➓✻✳✺✮✳ ❆♥♦♠❛❧♦✉s ❞✐s♣❡rs✐♦♥ ✐s ♠❡t ❢♦r h0 = 0 ❛t ❛♥② η ❛♥❞ ❢♦r✷✸✺
0 < h0 < h0cr ❛♥❞ η ❝❧♦s❡ t♦ 1✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s r❡❧❛t❡❞ t♦ ❡♥❡r❣② ♣r♦♣❛❣❛t✐♥❣✷✸✻
❢❛st❡r t❤❛♥ t❤❡ ✇❛✈❡❧❡ts ✇❤✐❝❤ ❜✉✐❧❞ ✉♣ ❛t t❤❡ ❢r♦♥t ♦❢ t❤❡ ❣r♦✉♣ ❛♥❞ s❧♦✇❧②✷✸✼
♠♦✈❡ t♦ t❤❡ ❜❛❝❦ ✉♥t✐❧ t❤❡② ❞✐s❛♣♣❡❛r✱ s❡❡ ✭●♦✉r❣✐♦t✐s ❡t ❛❧✳✱ ✷✵✶✸✱ ➓✷✮ ✐♥ t❤❡✷✸✽
❝♦♥t❡①t ♦❢ ❣r❛❞✐❡♥t ❡❧❛st✐❝✐t②✳✷✸✾
✶✹
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✭❝✮ h0 = h0cr
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✭❞✮ h0 = 1
❋✐❣✉r❡ ✺✿ ❘❡❧❛t✐✈❡ ❣r♦✉♣ ✈❡❧♦❝✐t② cg/cs ✭s♦❧✐❞✮ ❛♥❞ ❘❛②❧❡✐❣❤ ✇❛✈❡ s♣❡❡❞ cR/cs ✭❞❛s❤❡❞✮ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡♥✉♠❜❡r ✭t❤❡ ❝✉r✈❡ η = 0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜✉❧❦ ✇❛✈❡ s♣❡❡❞ c˜/cs✮
✶✺
✹✳ ❆♥❛❧②s✐s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✷✹✵
❲❡ ❛❞♦♣t ❋♦✉r✐❡r tr❛♥s❢♦r♠s t♦ r❡❝❛st t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳✷✹✶
❖✇✐♥❣ t♦ t❤❡ s❦❡✇✲s②♠♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ♦♥❧② ❡✐t❤❡r ❤❛❧❢✲♣❧❛♥❡✱ s❛② ξ2 > 0✱✷✹✷
♥❡❡❞s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❢✉❧❧✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛❧♦♥❣ ξ1 ✐s ❞❡✜♥❡❞ ❛s✷✹✸
◆♦❜❧❡ ✭✶✾✺✽✮❀ ❘♦♦s ✭✶✾✻✾✮✷✹✹
w¯(s, ξ2) =
∫ ∞
−∞
w(ξ1, ξ2) exp(ıξ1s)dξ1,
✇❤✐❧❡ ❋♦✉r✐❡r ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ ❣✐✈❡s✷✹✺
w(ξ1, ξ2) = (2π)
−1
∫
L
w¯(s, ξ2) exp(−ıξ1s)ds.
■♥ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ L ✐s ♦❜t❛✐♥❡❞ ❜② ❞❡❢♦r♠❛t✐♦♥ ♦❢✷✹✻
t❤❡ r❡❛❧ ✐♥t❡r✈❛❧✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ C ✐s s♣❧✐t✷✹✼
✐♥t♦ t✇♦ ❞♦♠❛✐♥s✱ C = D+ ∪ D−✱ r❡s♣❡❝t✐✈❡❧② ❧②✐♥❣ ♦♥ ❛♥❞ ❛❜♦✈❡ ❛♥❞ ♦♥ ❛♥❞✷✹✽
❜❡❧♦✇ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ L ✳✷✹✾
▲❡t ✉s ❞❡✜♥❡ t❤❡ ❤❛❧❢✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s
w¯−(s) =
∫ 0
−∞
w(ξ1, 0) exp(ıξ1s)dξ1, p¯
+
3 (s) =
∫ ∞
0
p3(ξ1, 0) exp(ıξ1s)dξ1.
❚❛❦✐♥❣ t❤❡ ❢✉❧❧✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❊q✳✭✶✺✮ ❣✐✈❡s
w¯,2222 − (2s2 + 1− δ2)w¯,22 + (s2 + 1)(s2 − δ2)w¯ = 0,
✇❤✐❝❤ ❛❞♠✐ts t❤❡ s♦❧✉t✐♦♥ ✭✷✵✮✷✺✵
w¯(s, ξ2) = C1 exp[−α(s)ξ2] + C2 exp[−β(s)ξ2], ✭✷✻✮
✇❤❡r❡ C1 ❛♥❞ C2 ❛r❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦❢ s✳✷✺✶
❍❡r❡ α(s) ❛♥❞ β(s) ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✶✮ ❜✉t ♥♦✇ s ✐s ❣❡♥❡r❛❧❧② ❝♦♠♣❧❡①✷✺✷
❛♥❞ ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ ❜r❛♥❝❤ ✐♥ t❤❡ sq✉❛r❡ r♦♦t s♦ t❤❛t ✭✷✻✮ ✐s ❜♦✉♥❞❡❞ ❛s✷✺✸
ξ2 → +∞✳ ❚❤❡ ❜r❛♥❝❤ ❝✉ts ❢♦r α(s)✱ ❞❡♥♦t❡❞ ❜② K∓✱ ❛r❡ str❛✐❣❤t ❛♥❞ ❝♦♥♥❡❝t✱✷✺✹
r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❜r❛♥❝❤ ♣♦✐♥ts s = ±δ t♦∞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ∓(δ+ı) ❛♥❞ t❤❡r❡❜②✷✺✺
t❤❡② ♣❛ss t❤r♦✉❣❤ s = ∓ı✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✻✳ ❚❤❡② ♠❛② ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❛s✷✺✻
K∓ = {s(t) = ±δ ∓ (δ + ı)t, t > 0}. ✭✷✼✮
✶✻
❋✐❣✉r❡ ✻✿ ❇r❛♥❝❤ ❝✉ts K± ✭r❡❞ ❞❛s❤✲❞♦✉❜❧❡ ❞♦t ❧✐♥❡s✮✱ ③❡r♦s ✭❜❧❛❝❦ ❞♦ts✮✱ ❜r❛♥❝❤ ♣♦✐♥ts
✭❝✐r❝❧❡s✮✱ ❛♣♣❧✐❡❞ tr❛❝t✐♦♥ ✇❛✈❡♥✉♠❜❡r ✭❝r♦ss✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ L ✭s♦❧✐❞ ❝✉r✈❡✮ ✐♥ t❤❡
❝♦♠♣❧❡① ♣❧❛♥❡ C = D+ ∪ D−✳ ❚❤❡ ❞♦♠❛✐♥s D± st❛♥❞ ♦♥ ❛♥❞ ❛❜♦✈❡ ✭✉♥❞❡r✮ t❤❡ ✐♥t❡❣r❛t✐♦♥
♣❛t❤ L ✱ r❡s♣❡❝t✐✈❡❧②
■♥ ❧✐❦❡✇✐s❡ ❢❛s❤✐♦♥✱ t❤❡ ❜r❛♥❝❤ ❝✉ts ❢♦r β(s) r❡st ✐♥s✐❞❡ K∓ ❛♥❞ ❝♦♥♥❡❝t t❤❡✷✺✼
❜r❛♥❝❤ ♣♦✐♥ts s = ±ı t♦ ∓(δ + ı)∞✱ ✐✳❡✳ t❤❡② ❤❛✈❡ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✭✷✼✮✷✺✽
✇✐t❤ t > 1✳ ❙q✉❛r❡ r♦♦t ✐s ♠❛❞❡ ❞❡✜♥✐t❡ ❜② ❧❡tt✐♥❣ α(s) ❛♥❞ β(s) t❡♥❞ t♦ |s|✷✺✾
❛s s → ∞ ❛❧♦♥❣ t❤❡ r❡❛❧ ❛①✐s ✭s❡❡ ✭◆♦❜❧❡✱ ✶✾✺✽✱ ♣✳✶✵✮✮✳ ❲✐t❤ s✉❝❤ ❞❡✜♥✐t✐♦♥s✱✷✻✵
t❤❡ sq✉❛r❡ r♦♦ts ✐♥ α(s) ❛♥❞ β(s) ❛r❡ ❞❡✜♥❡❞ s♦ ❛s t♦ ❤❛✈❡ ♣♦s✐t✐✈❡ ♦r ③❡r♦ r❡❛❧✷✻✶
♣❛rt ✭r❡s♣❡❝t✐✈❡❧② ❞❡❝❛②✐♥❣ ❛♥❞ ♣r♦♣❛❣❛t✐♥❣ s♦❧✉t✐♦♥s✮ ✇❤❡♥ s ✐s r❡❛❧✳ ■♥❞❡❡❞✱✷✻✷
❢♦r s = s1 ∈ R✱ ✐t ✐s✷✻✸
α(s1) =

 ı
√
δ2 − s21, |s1| < δ√
s21 − δ2, s1 ≥ δ
, β(s1) =
√
s21 + 1. ✭✷✽✮
❚❤❡ ❢✉❧❧✲r❛♥❣❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ r❡❞✉❝❡❞ tr❛❝t✐♦♥ ✈❡❝t♦r ❛t t❤❡ ❧✳❤✳s ♦❢ ❊q✳✭✶✼✮✷✻✹
✐s✷✻✺
p¯3(s, ξ2) =
G
2λ3
[(
(2 + η)s2 + 1− δ2) w¯,2 − w¯,222] . ✭✷✾✮
❚❤❡ ♠✐♥✉s ❤❛❧❢✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ✜rst ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✷✮✷✻✻
r❡❛❞s✷✻✼
p¯−3 (s, 0) = −ı
Gτ0
s+ k
, ✭✸✵✮
❛♥❞ t❤❡ ♣❧✉s tr❛♥s❢♦r♠ ♦❢ ❊q✳✭✶✽❛✮ ❧❡♥❞s✷✻✽
w¯+(s, 0) = 0, ✭✸✶✮
✶✼
✇❤✐❧❡ t❤❡ ❢✉❧❧✲r❛♥❣❡ tr❛♥s❢♦r♠ ♦❢ ❊q✳✭✶✾✮ ❣✐✈❡s✷✻✾
w¯,22(s, 0) + ηs
2w¯(s, 0) = 0. ✭✸✷✮
P❧✉❣❣✐♥❣ t❤❡ s♦❧✉t✐♦♥ ✭✷✻✮ ✐♥t♦ ❊q✳✭✸✷✮ ❣✐✈❡s ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ C1 ❛♥❞ C2✷✼✵
C1 = − (η + 1)s
2 + 1
(η + 1)s2 − δ2C2. ✭✸✸✮
❚❤✉s✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✭✷✻✮ ❛♥❞ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✭✸✸✮✱ ✇❡✷✼✶
✜♥❞ ❢♦r t❤❡ ❢✉❧❧✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ tr❛❝t✐♦♥ ✈❡❝t♦r ✭✷✾✮✷✼✷
G(1 + δ2)
2λ3 [(η + 1)s2 − δ2]K(s)C2 = p¯
+
3 (s, 0)− ı
Gτ0
s+ k
, ✭✸✹✮
✇❤❡r❡✷✼✸
K(s) = (1 + δ2)−1R(s), ✭✸✺✮
❛♥❞ R(s) ✐s t❤❡ ❘❛②❧❡✐❣❤ ❢✉♥❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❊q✳✭✷✹✮✳ ❚❤❡ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✷✼✹
K(s) ✐s ❡✈❡♥ ❛♥❞ ✐t ♦❜❡②s t❤❡ r❡✢❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡✷✼✺
K(s∗) = K(s)∗, ✭✸✻✮
✇❤❡r❡ ❛ s✉♣❡rs❝r✐♣t ❛st❡r✐s❦ ❞❡♥♦t❡s ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥✱ ✐✳❡✳ s∗ = ℜ(s)−ıℑ(s)✳✷✼✻
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ K(s) ✐s r❡❛❧✲✈❛❧✉❡❞ ♦♥ t❤❡ r❡❛❧ ❛①✐s✳✷✼✼
■♥ ❧✐❣❤t ♦❢ ❊qs✳✭✷✻✱✸✶✮ ❛♥❞ ✭✸✸✮✱ ✇❡ ❣❡t ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t w¯(s, 0)✷✼✽
− 1 + δ
2
(η + 1)s2 − δ2C2 = w¯
−(s, 0). ✭✸✼✮
❙♦❧✈✐♥❣ ❊q✳✭✸✼✮ ❢♦r C2 ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐♥t♦ ❊q✳✭✸✹✮ ②✐❡❧❞s t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s✷✼✾
❲✐❡♥❡r✲❍♦♣❢ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✷✽✵
G−1p¯+3 (s, 0) = −
1
2λ3
K(s)w¯−(s, 0) + ı
τ0
s+ k
. ✭✸✽✮
✹✳✶✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✷✽✶
❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♦✉t ♦❢ ♣❧❛♥❡ r❡❞✉❝❡❞ tr❛❝t✐♦♥ ❛♥❞ ❞✐s♣❧❛❝❡✲
♠❡♥t ❛t t❤❡ ❝r❛❝❦ t✐♣ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ t❤❡ s❛♠❡ ❛s ✇❤❛t ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡
✶✽
st❛t✐♦♥❛r② ❝r❛❝❦ ♣r♦❜❧❡♠ ✉♥❞❡r q✉❛s✐✲st❛t✐❝ ❧♦❛❞✐♥❣✱ r❡s♣❡❝t✐✈❡❧② ✭❘❛❞✐✱ ✷✵✵✽✱
❊q✳✭✸✾✮ ❛♥❞ ✭✹✵✮✮
p3(ξ1, 0) = O
(
ξ
−3/2
1
)
, ❛s ξ1 → 0+,
w(ξ1, 0) = O
(
(−ξ1)3/2
)
, ❛s ξ1 → 0−.
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠ ❢♦r t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❣✐✈❡s ❘♦♦s✷✽✷
✭✶✾✻✾✮✷✽✸
p¯+3 (s, 0) = O
(
s1/2
)
, ❛♥❞ w¯−(s, 0) = O
(
s−5/2
)
, ❛s |s| → ∞. ✭✸✾✮
✹✳✷✳ ❘❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥✷✽✹
❆s ❞✐s❝✉ss❡❞ ✐♥ ✭◆♦❜❧❡✱ ✶✾✺✽✱ ➓✶✳✺✮✱ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❲✲❍ t❡❝❤♥✐q✉❡ r❡✲
q✉✐r❡s ❛ str✐♣ ♦❢ r❡❣✉❧❛r✐t②✱ ✇❤✐❝❤ ✐s ✇❛rr❛♥t❡❞ ✇❤❡♥ ❛ s♠❛❧❧ ✐♠❛❣✐♥❛r② ♣❛rt ❢♦r
δ ✐s ❛ss✉♠❡❞ s✉❝❤ t❤❛t δ2 = δ21−ıǫδ1✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❧✐♠✐t✐♥❣ s✐t✉❛t✐♦♥ ǫ = 0 ✐s
st✐❧❧ ❛❝❝❡ss✐❜❧❡ ♣r♦✈✐❞❡❞ t❤❛t ❙♦♠♠❡r❢❡❧❞✬s r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ❡♥❢♦r❝❡❞✳ ❚❤✐s
❞❡♠❛♥❞s t❤❛t ❡❧❛st✐❝ ✇❛✈❡s tr❛♥s❢❡r ❡♥❡r❣② ❢r♦♠ t❤❡ ❧♦❛❞✐♥❣ ③♦♥❡ t♦ ✐♥✜♥✐t② ❛♥❞
♥♦t ✈✐❝❡ ✈❡rs❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡✱ ❡♥❡r❣② ✐s ❝❛rr✐❡❞ ❛✇❛② ❜②
❘❛②❧❡✐❣❤ ✇❛✈❡s✱ tr❛✈❡❧❧✐♥❣ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ξ1✲❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♣❡❡❞ cR ❞❡✜♥❡❞
✐♥ ❊q✳✭✷✺✮✳ ❆❝❝♦r❞✐♥❣❧②✱ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ ❙❡❝✳✸✳✶✱ ✇❡ ❤❛✈❡
w(ξ1, 0) = A exp(ıaξ1) +O(ξ
−ρ
1 ), ❛s ξ1 → −∞,
✇❤❡r❡ A ✐s ❛ ❝♦♥st❛♥t ❛♥❞ ρ > 0 ✇❛rr❛♥ts ❞❡❝❛②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♥✉s
❋♦✉r✐❡r tr❛♥s❢♦r♠ ❝❛♥ ❜❡ s♣❧✐t ❛s
w¯−(s, 0) =
∫ −M
−∞
+
∫ 0
−M
w(ξ1, 0) exp(ısξ1)dξ1,
❢♦r ❛♥② ❧❛r❣❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐s ❛♥✷✽✺
❡♥t✐r❡ ❢✉♥❝t✐♦♥✱ ❢♦r ✐t ❤❛s ♥♦ s✐♥❣✉❧❛r ♣♦✐♥ts ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❈♦♥s❡q✉❡♥t❧②✱✷✽✻
❛❧❧ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥ w¯−(s, 0) ❝♦♠❡ ✇✐t❤ t❤❡ ✜rst ✐♥t❡❣r❛❧✷✽✼ ∫ M
−∞
exp [−ı(s+ a)ξ1] dξ1 = ı
s+ a
exp [ıM(s+ a)] ,
✇❤✐❝❤ ✐♥❞❡❡❞ ❜r✐♥❣s t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t s = −a✳ ❚❤❡r❡❢♦r❡✱ ✐t ❢♦❧❧♦✇s t❤❛t✷✽✽
w¯−(s, 0) = (s+ a)−1, ❛s s→ −a. ✭✹✵✮
✶✾
❆❧♦♥❣ ❡✈❡r② ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ ξ1✲❛①✐s✱ ❙♦♠♠❡r✲✷✽✾
❢❡❧❞✬s r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ✭✶✹✮ r❡q✉✐r❡s✱ ✐♥ ♣♦❧❛r ❝♦✲✷✾✵
♦r❞✐♥❛t❡s (r, ϑ)✱ r = (ξ21 + ξ
2
2)
1/2✱ ✭◆♦❜❧❡✱ ✶✾✺✽✱ ➓✶✳✺✮✷✾✶
∂w
∂r
+ ıδw = o
(
1√
r
)
, ❛s r →∞ (ϑ 6= ±π), ✭✹✶✮
✉♥✐❢♦r♠❧② ✐♥ ϑ✳ ❙✉❝❤ ❜❡❤❛✈✐♦✉r s❤♦✉❧❞ ❜❡ r❡❝♦✈❡r❡❞ ❜② t❤❡ ♣r❡s❡♥t s♦❧✉t✐♦♥✱✷✾✷
❛❧t❤♦✉❣❤ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✶✷✮ ✐s ♥♦t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❍❡❧♠❤♦❧t③ t②♣❡ ●❡♦r✲✷✾✸
❣✐❛❞✐s ❛♥❞ ❱❛r❞♦✉❧❛❦✐s ✭✶✾✾✽✮✳ ❈♦♥❞✐t✐♦♥ ✭✹✶✮ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣✷✾✹
❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ r❛❞✐❛❧ ❧✐♥❡s✷✾✺
w(r, ϑ) = O
(
r−1/2 exp(−ırδ)
)
, ❛s r →∞ (ϑ 6= ±π),
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ϑ = π/2✱ t❤❡ ξ2✲❛①✐s ✐s ❝♦♥s✐❞❡r❡❞✷✾✻
w(0, ξ2) = O
(
ξ
−1/2
2 exp(−ıξ2δ)
)
, ❛s ξ2 →∞. ✭✹✷✮
❚❛❦✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠ ♦❢ ✭✷✻✮ ❛♥❞ ✉s✐♥❣ ❊qs✳✭✸✸✱✸✼✮ ✇❡ ❤❛✈❡
w(0, ξ2) =
1
2π(δ2 + 1)
∫
L
{(
δ2 − (η + 1)s2) exp [−ξ2β(s)]
+
(
(η + 1)s2 + 1
)
exp [−ξ2α(s)]
}
w¯−(s, 0)ds, ✭✹✸✮
❛♥❞✱ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ✭✷✽✮✱ t❤❡ ❧✐♠✐t ❛s ξ2 →∞ ✐s ❣✐✈❡♥ ❜②
w(0, ξ2)→ 1
2π(δ2 + 1)
∫ δ
−δ
(
(η + 1)s2 + 1
)
exp [−ξ2α(s)] w¯−(s, 0)ds.
❚❤❡♥✱ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ st❛t✐♦♥❛r② ♣❤❛s❡ ❇❧❡✐st❡✐♥ ❛♥❞ ❍❛♥❞❡❧s♠❛♥ ✭✶✾✼✺✮✱ ✐t
❝❛♥ ❜❡ s❤♦✇♥ t❤❛t w(0, ξ2) ❜❡❤❛✈❡s ❛s ✐♥ ❊q✳✭✹✷✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ s❡tt✐♥❣
ξ2 = 0 ✐♥ ❊q✳✭✹✸✮✱ ♦♥❡ ❣❡ts
w(0, 0) =
1
2π(δ2 + 1)
∫
L
w¯−(s, 0)ds = 0,
t❤❡ ❧❛st ❡q✉❛❧✐t② ❜❡✐♥❣ ♦❜t❛✐♥❡❞ ❜② ❏♦r❞❛♥✬s ❧❡♠♠❛✳✷✾✼
✺✳ ❋✉❧❧✲✜❡❧❞ s♦❧✉t✐♦♥ ❜② t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞✷✾✽
■♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t❡❝❤♥✐q✉❡ ◆♦✲
❜❧❡ ✭✶✾✺✽✮❀ ❘♦♦s ✭✶✾✻✾✮❀ ❋r❡✉♥❞ ✭✶✾✾✽✮ ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❢✉❧❧✲✜❡❧❞ s♦❧✉t✐♦♥
✷✵
❢♦r ❛ s❡♠✐✲✐♥✜♥✐t❡ ❝r❛❝❦ ✐♥ ❛ ❤❛❧❢✲s♣❛❝❡ s✉❜❥❡❝t t♦ ❛ r❡❞✉❝❡❞ tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡
❛♣♣❧✐❡❞ t♦ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s✳ ❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ✭❲✲❍✮
♠❡t❤♦❞✱ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♥✉♠❜❡r ❛♥❞ ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛❧❧ r♦♦ts ♦❢ t❤❡ ❦❡r♥❡❧
❢✉♥❝t✐♦♥ K(s)✱ ❛s ❞❡✜♥❡❞ ✐♥ ❊q✳✭✸✺✮✱ ✐s ❞❡♠❛♥❞❡❞ ◆♦❜❧❡ ✭✶✾✺✽✮✳ ❇❡s✐❞❡s✱ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ K(s) ❛s |s| → ∞ ✐s r❡q✉✐r❡❞
K(s) = c|s|3 +O(|s|), ❛s |s| → ∞,
✇❤❡r❡ c = 12 (η + 1)(3− η)✳ ❲✐t❤ t❤✐s ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❢✉♥❝t✐♦♥ K(s) ❝❛♥ ❜❡ ❢❛❝✲✷✾✾
t♦r✐③❡❞ ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s✱ K±(s)✱ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣✸✵✵
❞♦♠❛✐♥ D± ✭❋✐❣✳✻✮✳ ■♥❞❡❡❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥✸✵✶
F (s) =
α(s)K(s)
c(s2 − a2)(s2 + b2)
s2 − s20
s2 − s23
, ✭✹✹✮
✇❤❡r❡ s0 ✐s ❛ s♣❡❝✐❛❧ ♣♦✐♥t ❞❡✜♥❡❞ ✐♥ ❊q✳✭❆✳✹✮✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ β(s) ✐♥ ♣❧❛❝❡ ♦❢✸✵✷
α(s) ❛t t❤❡ ♥✉♠❡r❛t♦r ♦❢ F (s) ✐s ❡q✉❛❧❧② ♣♦ss✐❜❧❡ ❜✉t ✐t ♣r❡✈❡♥ts ❝♦♥s✐❞❡r✐♥❣ t❤❡✸✵✸
s♣❡❝✐❛❧ ❝❛s❡s η = 0 ❛♥❞ δ = 0 ✇✐t❤✐♥ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ■♥❞❡❡❞✱ ❢♦r η = 0✱✸✵✹
t❤❡ r♦♦ts ±a ❛♥❞ ±ıb ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❜r❛♥❝❤ ♣♦✐♥ts ±δ ❛♥❞ ±ı✱ r❡s♣❡❝t✐✈❡❧②✱✸✵✺
❛♥❞ t❤❡② ❜❡❝♦♠❡ ♦❢ ♦r❞❡r 1/2✳ ❙✐♠✐❧❛r❧②✱ ❢♦r δ = 0✱ t❤❡ ♣❛✐r ♦❢ s✐♠♣❧❡ r♦♦ts ±a✸✵✻
❝♦❧❧❛♣s❡ ✐♥t♦ t❤❡ s✐♠♣❧❡ r♦♦t a = 0✳✸✵✼
❚❤❡ ❢✉♥❝t✐♦♥ F (s) ✐s ❡✈❡♥✱ s❛t✐s✜❡s t❤❡ r❡✢❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✭✸✻✮✱ ❛♥❞ ✐t t❡♥❞s✸✵✽
t♦ 1 ❛s |s| → ∞✳ ❇❡s✐❞❡s✱ ✐t ❤❛s ♥❡✐t❤❡r r♦♦ts ♥♦r ♣♦❧❡s ✐♥ t❤❡ ❝✉t ♣❤②s✐❝❛❧ s❤❡❡t✱✸✵✾
❛❧t❤♦✉❣❤ ✐t ❡①❤✐❜✐ts t✇♦ ❜r❛♥❝❤ ❝✉ts ✇✐t❤ t❤❡ ♣❛r❛♠❡tr✐③❡❞ r❡♣r❡s❡♥t❛t✐♦♥✸✶✵
F± = {∓δ ± (δ + ı)t, t ∈ [0, 1]} ⊂ K±. ✭✹✺✮
❈♦♥s❡q✉❡♥t❧②✱ ✐t ❛❞♠✐ts t❤❡ ♣r♦❞✉❝t ❞❡❝♦♠♣♦s✐t✐♦♥ F (s) = F+(s)F−(s)✱ ✇❤❡r❡✸✶✶
t❤❡ ❢✉♥❝t✐♦♥s F±(s) ❛r❡ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ❞♦♠❛✐♥s D±✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ F (s)✸✶✷
✐s ❡✈❡♥✱ ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱✸✶✸
F±(−s) = F∓(s). ✭✹✻✮
❉❡t❛✐❧s ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①❆✳✸✶✹
❖♥❝❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❛❝❝♦♠♣❧✐s❤❡❞✱ ❊q✳✭✹✹✮ ♣r♦✈✐❞❡s✸✶✺
K±(s) =
√
c
(s∓ a)(s± ıb)
α±(s)
s± s3
s± s0F
±(s), ✭✹✼✮
✷✶
s♦ t❤❛t K±(−s) = K∓(s) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ❛s②♠♣t♦t✐❝s✸✶✻
K±(s) =
√
c exp(±ıπ/4)s3/2, ❛s |s| → ∞,
✐♥ t❤❡ r❡❧❡✈❛♥t ❛♥❛❧②t✐❝✐t② r❡❣✐♦♥✳ ❍❡r❡✱ t❤❡ ❢✉♥❝t✐♦♥s α(s) ❛♥❞ β(s) ❛r❡ ❢❛❝✲
t♦r✐③❡❞ ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s✱ ♥❛♠❡❞ ♣❧✉s ❛♥❞ ♠✐♥✉s✱ r❡s♣❡❝t✐✈❡❧②
❛♥❛❧②t✐❝ ✐♥ D+ ❛♥❞ D−✱ ♥❛♠❡❧②
α±(s) = e∓ıπ/4
√
s∓ δ, β±(s) = e∓ıπ/4√s± ı.
❚❤❡ ❢❛❝t♦r e∓ıπ/4 ✇❛rr❛♥ts t❤❛t ✇❡ ❤❛✈❡ α±(−s) = α∓(s) ❛♥❞ β±(−s) = β∓(s)✳✸✶✼
❚❤❡ ❲✲❍ ❡q✉❛t✐♦♥ ✭✸✽✮ ❜❡❝♦♠❡s✸✶✽
p+3 (s, 0)
GK+(s)
= − 1
2λ3
K−(s)w¯−(s, 0) + ı
τ0
(s+ k)K+(s)
. ✭✹✽✮
❚❤❡r❡❢♦r❡✱ ✐♥ ❧✐❣❤t ♦❢ ✭✸✾✮✱ ❜♦t❤ t❤❡ ❧✳❤✳s✳ ❛♥❞ t❤❡ ✜rst t❡r♠ ❛t t❤❡ r✳❤✳s✳ ✐♥
❊q✳✭✹✽✮ ❜❡❤❛✈❡ ❛s O(s−1) ❛s |s| → ∞✱ ✇❤❡r❡❛s t❤❡ ❧❛st t❡r♠ ❛t t❤❡ r✳❤✳s✳ ❜❡❤❛✈❡
❛s O(s−5/2)✳ ❚❤✐s ❧❛st t❡r♠ ♠❛② ❜❡ ❡❛s✐❧② s♣❧✐t ✐♥t♦ t❤❡ s✉♠ ♦❢ ❛ ♣❧✉s ❛♥❞ ❛
♠✐♥✉s ❢✉♥❝t✐♦♥ ✭✐♥❞❡❡❞ −k ✐s ♥♦t ❛ ③❡r♦ ❢♦r K+(s)✮
p+3 (s, 0)
GK+(s)
− ı τ0
s+ k
[
1
K+(s)
− 1
K+(−k)
]
= − 1
2λ3
K−(s)w¯−(s, 0) + ı
τ0
(s+ k)K+(−k) ,
s♦ t❤✉s t❤❡ ❧✳❤✳s✳ ✐s ❛ ♣❧✉s ❢✉♥❝t✐♦♥ ✇❤✐❧❡ t❤❡ r✳❤✳s ✐s ❛ ♠✐♥✉s ❢✉♥❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱✸✶✾
❡✐t❤❡r ❤❛♥❞ ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ r❡❧❡✈❛♥t ❞♦♠❛✐♥ ❛♥❞✱ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥✸✷✵
♦❢ t❤❡ ❝♦♠♠♦♥ str✐♣ ♦❢ ❛♥❛❧②t✐❝✐t② ❡①✐st✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✭✇❤✐❝❤ ✐s r❡❛❧❧② t❤❡✸✷✶
❧✐♥❡ L ✮✱ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✇❛rr❛♥ts t❤❡② ❛r❡ t❤❡ s❛♠❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ E(s)✳✸✷✷
❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ E(s) ❤✐♥❣❡s ♦♥ t❤❡ ❡①t❡♥❞❡❞ ❢♦r♠ ♦❢ ▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠ ❛♥❞✸✷✸
♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ❡①♣❡❝t❡❞ ❛t ✐♥✜♥✐t②✱ s❡❡ ❙❡❝✳✹✳✶✳ ❈♦♥s❡q✉❡♥t❧②✱✸✷✹
E(s) ≡ 0 ❛♥❞✸✷✺
w¯−(s, 0) = 2ı
λ3
K−(k)
τ0
(s+ k)K−(s)
, ✭✹✾✮
✇❤♦s❡ s✐♥❣❧❡ r❡❛❧ ♣♦❧❡✱ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✼✮✱ ♠❛t❝❤❡s t❤❡ ❢♦r♠✸✷✻
✭✹✵✮ ❛♥❞ t❤❡r❡❜② s❛t✐s✜❡s ❙♦♠♠❡r❢❡❧❞✬s r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳✸✷✼
✷✷
❋♦r t❤❡ ♣❧✉s tr❛♥s❢♦r♠ ♦❢ t❤❡ r❡❞✉❝❡❞ tr❛❝t✐♦♥ ✇❡ ❤❛✈❡
p¯+3 (s, 0) = ıG
τ0
s+ k
[
1− K
+(s)
K−(k)
]
,
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉❧❧✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❝r❛❝❦ ❧✐♥❡✱✸✷✽
❡❛s✐❧② ❢♦❧❧♦✇s ❢r♦♠ ❊q✳✭✸✵✮✸✷✾
p¯3(s, 0) = −ıG τ0
s+ k
K+(s)
K−(k)
. ✭✺✵✮
✻✳ ❘❡s✉❧ts✸✸✵
✻✳✶✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✸✸✶
❚❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❊q✳✭✹✾✮ ❣✐✈❡s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡
❝r❛❝❦ ❧✐♥❡
w(ξ1, 0, τ) = ıλ
3τ0
exp ıΩτ
πK−(k)
∫
L
exp(−ısξ1)
(s+ k)K−(s)
ds.
❆❤❡❛❞ ♦❢ t❤❡ ❝r❛❝❦ t✐♣✱ ❞✐s♣❧❛❝❡♠❡♥t ❝❛♥ ❜❡ ❝♦♥✈❡♥✐❡♥t❧② ❞❡t❡r♠✐♥❡❞ ❝❧♦s✐♥❣ t❤❡
✐♥t❡❣r❛t✐♦♥ ♣❛t❤ L ❛r♦✉♥❞ t❤❡ t♦♣ ❜r❛♥❝❤ ❝✉t✱ K+✱ ❛♥❞ ❛❞❞✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤❡ ♣♦❧❡s s = −k,−a ❛♥❞ s = ıb✱ ♥❛♠❡❧②
w(ξ1, 0, τ) = −2λ3τ0 exp ıΩτ
K−(k)
[
1
2πı
∫
K+
exp(−ısξ1)
(s+ k)K−(s)
ds+
exp(ıkξ1)
K+(k)
− exp(ıaξ1)
k − a
α+(a)√
c(a+ ıb)F+(a)
a+ s0
a+ s3
+
exp(bξ1)
k + ıb
α−(ıb)√
c(a+ ıb)F−(ıb)
ıb− s0
ıb− s3
]
,
ξ1 < 0.
❲❡ r❡♠❛r❦ t❤❛t s✐♠♣❧❡ ♣♦❧❡s r❡♣r❡s❡♥t tr❛✈❡❧❧✐♥❣ ✇❛✈❡s✳ ■♥❞❡❡❞✱ t❤❡ s❡❝♦♥❞
t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts ♣r♦✈✐❞❡s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✇❛✈❡ ❡♥tr❛✐♥❡❞ ❜② t❤❡ tr❛❝t✐♦♥
✇❛✈❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ❝r❛❝❦ ❢❛❝❡s✱ ❋✐❣✳✼❛✱ ✇❤✐❧❡ t❤❡ t❤✐r❞ t❡r♠ ❜r✐♥❣s ♦✉t❣♦✐♥❣
❘❛②❧❡✐❣❤ ✇❛✈❡s✱ r❡✢❡❝t❡❞ ❜② t❤❡ ❝r❛❝❦✲t✐♣✳ ❚❤❡ ❧❛st t❡r♠ ✐s r❡♠❛r❦❛❜❧❡ ✐♥ t❤❛t
✐t r❡♣r❡s❡♥ts ✇❛✈❡s t❤❛t ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② ❢♦r ξ1 < 0 ❛♥❞ ②❡t ♣r♦♣❛❣❛t❡ ❛❧♦♥❣
t❤❡ ξ2 ❞✐r❡❝t✐♦♥✱ ❋✐❣✳✼❝✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ♥♦t❡ t❤❛t α(ıb) = −ı
√
b2 + δ2 ❛♥❞
β(ıb) = −ı√b2 − 1✱ ✇❤❡♥❝❡ ❛ ♣❛✐r ♦❢ ✇❛✈❡s ❛r✐s❡s ✇✐t❤ s♣❡❡❞
cb1
cs
=
Ω√
b2 + δ2
λ, ❛♥❞
cb2
cs
=
Ω√
b2 − 1λ.
✷✸
✭❛✮ ❉✐s♣❧❛❝❡♠❡♥t ✇❛✈❡ ❡♥tr❛✐♥❡❞ ❜② t❤❡
tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ❝r❛❝❦
❢❛❝❡s
✭❜✮ ❙❝❛tt❡r❡❞ ❜♦❞② ✇❛✈❡
✭❝✮ ▲♦❝❛❧✐③❡❞ ✇❛✈❡ tr❛✈❡❧❧✐♥❣ ❛❧♦♥❣ ξ2 ✭❞✮ ❚♦t❛❧ ✇❛✈❡ ♣❛tt❡r♥
❋✐❣✉r❡ ✼✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣❛tt❡r♥ ❢♦r k < −a ✭❡❛❝❤ ✇❛✈❡ ✐s s❝❛❧❡❞ ❛s
t♦ ✐♠♣r♦✈❡ ❝❧❛r✐t② ❛♥❞ ♦♥❧② ♦♥❡ ✇❛✈❡ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ❡❛❝❤ ❝♦♥tr✐❜✉t✐♦♥❀ r❡✢❡❝t❡❞ ❘❛②❧❡✐❣❤
✇❛✈❡s ❛r❡ ❞✐sr❡❣❛r❞❡❞✮
✷✹
❙✉❝❤ ✇❛✈❡s ♠❛② ❜❡ ♣✉t t♦ ❣r❡❛t ❛❞✈❛♥t❛❣❡ ✐♥ ♥♦♥✲❞❡str✉❝t✐✈❡ ♠❛t❡r✐❛❧ t❡st✐♥❣✸✸✷
❢♦r t❤❡② ❛r❡ ❤✐❣❤❧② ❧♦❝❛❧✐③❡❞ ❛❧♦♥❣ ξ1 ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡ ❝r❛❝❦✲t✐♣ ❧♦❝❛t✐♦♥✳✸✸✸
❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✉♥❧✐❦❡ cb1 < cR ≤ cs✱ cb2 ♠❛② ❜❡ ✈❡r② ❧❛r❣❡ ❛♥❞✸✸✹
❣r❡❛t❡r t❤❛♥ t❤❡ ❘❛②❧❡✐❣❤ ✇❛✈❡ s♣❡❡❞✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ s✉r❢❛❝❡ ✇❛✈❡s ♠♦✈✐♥❣✸✸✺
❛t s✉♣❡r✲❘❛②❧❡✐❣❤ s♣❡❡❞ ✐♥ ❝♦✉♣❧❡✲str❡ss ♠❛t❡r✐❛❧s ❤❛s ❜❡❡♥ ♣♦✐♥t❡❞ ♦✉t ✐♥ ●r❛✛✸✸✻
❛♥❞ P❛♦ ✭✶✾✻✼✮ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❖tt♦s❡♥ ❡t ❛❧✳ ✭✷✵✵✵✮❀ ●❡♦r❣✐❛❞✐s ❛♥❞ ❱❡❧❣❛❦✐✸✸✼
✭✷✵✵✸✮✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❧❛♥❡ str❛✐♥✳ ■♥t❡r❡st✐♥❣❧②✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r η = 0✱✸✸✽
s = −a ❛♥❞ s = ıb ❛r❡ ♥♦ ❧♦♥❣❡r ♣♦❧❡s✳ ❚❤❡ ✜rst t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts✸✸✾
r❡♣r❡s❡♥ts ♥♦♥✲♣❧❛♥❛r ❜♦❞② ✇❛✈❡s✱ ♠♦✈✐♥❣ ✇✐t❤ s♣❡❡❞ c˜ ❛❧♦♥❣ t❤❡ ❝r❛❝❦ ❧✐♥❡✸✹✵
❛♥❞ ❛✇❛② ❢r♦♠ t❤❡ ❝r❛❝❦✲t✐♣✱ ❋✐❣✳✼❜✳✸✹✶
■t✬s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t ✉♥❜♦✉♥❞❡❞♥❡ss ✭r❡s♦♥❛♥❝❡✮ ♦❝❝✉rs ♦♥❧② ❢♦r✸✹✷
k = −a✱ t❤❛t ✐s ✇❤❡♥ t❤❡ r❡❞✉❝❡❞ tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❘❛②❧❡✐❣❤✸✹✸
❡❞❣❡✲✇❛✈❡s ❜❡✐♥❣ ❢❡❞ ✐♥t♦ t❤❡ ❝r❛❝❦✲t✐♣✳ ■♥❞❡❡❞✱ ✇❤❡♥ k = a ❛♥❞ ❘❛②❧❡✐❣❤ ✇❛✈❡s✸✹✹
♠♦✈❡ ♦✉t ♦❢ t❤❡ ❝r❛❝❦✲t✐♣✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts✸✹✺
❝♦♠❜✐♥❡ ✐♥t♦ ❛ ❜♦✉♥❞❡❞ t❡r♠✳✸✹✻
❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♣♦❧❡ s = −k ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❢✉❧❧✲✜❡❧❞ s♦❧✉t✐♦♥✸✹✼
✭✹✸✮✳ ❊q✳✭✷✽✮ s❤♦✇s t❤❛t t❤❡ r❡❛❧ ✐♥t❡r✈❛❧ |k| < δ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❝❛②✐♥❣✸✹✽
❛♥❞ ❛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡ ❛❧♦♥❣ ξ2✱ t❤❡ ❧❛tt❡r ✇✐t❤ s♣❡❡❞ c ≥ cR ❣r❡❛t❡r t❤❛♥✸✹✾
❘❛②❧❡✐❣❤✳ ■♥❞❡❡❞✱ t❤✐s r❡s✉❧t ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉♣❡r✲❘❛②❧❡✐❣❤ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥✳✸✺✵
❚❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❧♦❛❞✐♥❣✱ k = ık2,−1 < k2 < 0✱ st✐❧❧ ❜r✐♥❣s ❛ ♣❛✐r✸✺✶
♦❢ ✇❛✈❡s ❛❧♦♥❣ ξ2✱ ♦♥❡ ❞❡❝❛②✐♥❣ ❛♥❞ t❤❡ ♦t❤❡r ♣r♦♣❛❣❛t✐♥❣✱ ②❡t t❤❡ ❧❛tt❡r ♠♦✈❡s✸✺✷
✇✐t❤ s✉❜✲❘❛②❧❡✐❣❤ s♣❡❡❞ Ωλcs(k
2
2 + δ
2)−1/2✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❞❡❝❛② ✐s str♦♥❣✸✺✸
❡♥♦✉❣❤ ❛❧♦♥❣ ξ1✱ ✐✳❡✳ k2 < −1✱ t❤❡ ❞❡❝❛②✐♥❣ ✇❛✈❡ t✉r♥s ♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣ ξ2✸✺✹
✇✐t❤ s♣❡❡❞ Ωλcs/
√
k22 − 1✱ ✇❤✐❝❤ ❣❡♥❡r❛❧❧② ❡①❝❡❡❞s cR✳✸✺✺
❇② ❏♦r❞❛♥✬s ❧❡♠♠❛ ✭❘♦♦s✱ ✶✾✻✾✱ ➓✶✳✺✮✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t w(ξ1, 0) ✈❛♥✐s❤❡s✸✺✻
❜❡②♦♥❞ t❤❡ ❝r❛❝❦ t✐♣✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✽❛✮✳ ❚❤❡ ❢✉❧❧✸✺✼
❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❜❡②♦♥❞ t❤❡ ❝r❛❝❦✲t✐♣ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❊q✳✭✹✸✮ ❛♥❞ ❝❧♦s✐♥❣✸✺✽
t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ ❛r♦✉♥❞ K−✳ ❚❤❡♥✱ ♦♥❧② ❜♦❞② ✇❛✈❡s ♠♦✈✐♥❣ ✇✐t❤ s♣❡❡❞ c˜✸✺✾
❛❧♦♥❣ t❤❡ ❝r❛❝❦ ❧✐♥❡ ❛♥❞ ❛✇❛② ❢r♦♠ t❤❡ ❝r❛❝❦✲t✐♣ ❛♣♣❡❛r✳ ■t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t✸✻✵
t❤❡ ❝r❛❝❦ t✐♣ ❛❝ts ❛s ❛ s❝❛tt❡r❡r ♦❢ t❤❡ ❛♣♣❧✐❡❞ tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡✱ ❋✐❣✳✼❞✳✸✻✶
❋✐❣✳✽ s❤♦✇s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❝r❛❝❦ ❧✐♥❡ ❢♦r t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢✸✻✷
✷✺
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-25 -20 -15 -10 -5 0
-0.05
0.00
0.05
0.10
0.15
0.20
ξ1
w
/(
λ
3
τ 0
)
✭❜✮ k = 1− ı
❋✐❣✉r❡ ✽✿ ❉✐♠❡♥s✐♦♥❧❡ss ❞✐s♣❧❛❝❡♠❡♥t w/(λ3τ0) ❛❤❡❛❞ ♦❢ t❤❡ ❝r❛❝❦ t✐♣ ❢♦r δ = 0.2 ❛♥❞ η =
0.797
t❤❡ tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡ ✇❛✈❡♥✉♠❜❡r k✳✸✻✸
✻✳✷✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ str❡ss❡s✸✻✹
❚❤❡ ❢✉❧❧✲r❛♥❣❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ s②♠♠❡tr✐❝ ❛♥❞ ♦❢ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝✸✻✺
s❤❡❛r str❡ss ❛❧♦♥❣ t❤❡ ❝r❛❝❦ ❧✐♥❡ r❡❛❞✸✻✻
σ¯23(s, 0) = − G
λ(1 + δ2)
{
[(1 + η)s2 + 1]α(s)− [(1 + η)s2 − δ2]β(s)} w¯−(s, 0),
✭✺✶✮
❛♥❞✸✻✼
t¯23(s, 0) = − G
2λ3(1 + δ2)
{
[(1 + η)s2 + 1]α(s) + δ2[(1 + η)s2 − δ2]β(s)} w¯−(s, 0).
✭✺✷✮
❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ s❤❡❛r str❡ss✱ τ¯23(ξ1, 0)✱ ✐s t❤❡♥✸✻✽
♦❜t❛✐♥❡❞ s✉❜tr❛❝t✐♥❣ ❊q✳✭✺✶✮ ❢r♦♠ ✭✺✷✮✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❝♦✉♣❧❡✸✻✾
str❡ss ✐s ❣✐✈❡♥ ❜②✸✼✵
µ¯22(s, 0) = ıλ
−1ℓ(1 + η)s σ¯23(s, 0). ✭✺✸✮
■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t σ¯23(s, 0)✱ t¯23(s, 0) ❛♥❞ µ¯22(s, 0) ❛r❡ ♥♦t ♣❧✉s✸✼✶
❢✉♥❝t✐♦♥s✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ℑ(s) > b✳ ❚❤✐s ❛♥❛✲✸✼✷
❧②t✐❝✐t② ♣r♦♣❡rt② ✇❛rr❛♥ts t❤❛t t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠s ♠❛② ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡✸✼✸
❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ ❙❡❝✳✻✳✸✳ ■♥ ❢❛❝t✱ str❡ss❡s ❢❡❛t✉r❡ ✐♥ D+ t❤❡ ❜r❛♥❝❤ ❝✉t✸✼✹
F+✱ ❝♦♠✐♥❣ ❢r♦♠ F−(s)✱ ❛❧♦♥❣s✐❞❡ t❤❡ s✐♠♣❧❡ ♣♦❧❡s s = −a✱ ıb ❛♥❞ s = −k✱✸✼✺
♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ w¯−(s, 0)✳ ❙✉❝❤ ♣♦❧❡s ♣r♦✈✐❞❡ tr❛✈❡❧❧✐♥❣ ✇❛✈❡ ❝♦♥tr✐❜✉t✐♦♥s t♦✸✼✻
t❤❡ str❡ss ✜❡❧❞ ❛❤❡❛❞ ♦❢ t❤❡ ❝r❛❝❦ t✐♣✱ ❛s ❞❡s❝r✐❜❡❞ ❢♦r ❞✐s♣❧❛❝❡♠❡♥t✳✸✼✼
✷✻
Re
Im
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σ
2
3
/(
λ
2
G
τ 0
)
✭❛✮ k = 1
2
− ı
Re
Im
0 1 2 3 4 5
0.000
0.005
0.010
0.015
ξ1
σ
2
3
/(
λ
2
G
τ 0
)
✭❜✮ k = 1− ı
❋✐❣✉r❡ ✾✿ ❉✐♠❡♥s✐♦♥❧❡ss s②♠♠❡tr✐❝ s❤❡❛r str❡ss σ23/(λ2Gτ0)✱ ❜❡②♦♥❞ t❤❡ ❝r❛❝❦✲t✐♣✱ ❢♦r δ = 0.2
❛♥❞ η = −0.7
Re
Im
0 1 2 3 4 5
-0.010
-0.005
0.000
0.005
0.010
ξ1
t 2
3
/(
G
τ 0
)
✭❛✮ k = 1
2
− ı
Re
Im
0 1 2 3 4 5
-0.010
-0.005
0.000
0.005
0.010
ξ1
t 2
3
/(
G
τ 0
)
✭❜✮ k = 1− ı
❋✐❣✉r❡ ✶✵✿ ❉✐♠❡♥s✐♦♥❧❡ss t♦t❛❧ s❤❡❛r str❡ss t23/(Gτ0)✱ ❜❡②♦♥❞ t❤❡ ❝r❛❝❦✲t✐♣✱ ❢♦r δ = 0.2✱
η = 0.797
Re
Im
0 1 2 3 4 5
-0.02
-0.01
0.00
0.01
ξ1
μ
2
2
/(
λ
ℓ
G
τ 0
)
✭❛✮ k = 1
2
− ı
Re
Im
0 1 2 3 4 5
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/(
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)
✭❜✮ k = 1− ı
❋✐❣✉r❡ ✶✶✿ ❉✐♠❡♥s✐♦♥❧❡ss ❝♦✉♣❧❡ str❡ss µ22/(λℓGτ0)✱ ❜❡②♦♥❞ t❤❡ ❝r❛❝❦✲t✐♣✱ ❢♦r δ = 0.2 ❛♥❞
η = 0.797
✷✼
❇❡②♦♥❞ t❤❡ ❝r❛❝❦ t✐♣✱ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❢♦r str❡ss❡s
✐s ❝♦♥✈❡♥✐❡♥t❧② ❝❛rr✐❡❞ ♦✉t ❝❧♦s✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ L ❛r♦✉♥❞ t❤❡ ❧♦✇❡r
❜r❛♥❝❤ ❝✉t K−✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✉❝❤ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ ✐s ♥❡❝✲
❡ss❛r② t♦ ♣❡r❢♦r♠ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❊q✳✭✺✷✮✱ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢
t❤❡ ❞✐✈❡r❣❡♥t ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t¯23 ❛s |s| → +∞✱ s❡❡ ❊q✳✭✺✺✮✳ ▲✐❦❡ ❢♦r
❞✐s♣❧❛❝❡♠❡♥t✱ t❤❡r❡ ❛r❡ ♥♦ tr❛✈❡❧❧✐♥❣ ✇❛✈❡s ❝♦♥tr✐❜✉t✐♥❣ t♦ str❡ss ❜❡②♦♥❞ t❤❡
❝r❛❝❦✲t✐♣✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛s ❢♦r ❜♦❞② str❡ss ✇❛✈❡s
σ23(ξ1, 0, τ) = 2λ
2Gτ0
√
1− ıδ
π(δ − ı)K−(k)
[
I
(1)
0 (ξ1)− I(1)1 (ξ1)
]
exp [ı (−δξ1 +Ωτ)] ,
✭✺✹❛✮
t23(ξ1, 0, τ) = Gτ0
√
1− ıδ
π(δ − ı)K−(k)
[
I
(1)
0 (ξ1) + δ
2I
(1)
1 (ξ1)
]
exp [ı (−δξ1 +Ωτ)] ,
✭✺✹❜✮
✇❤❡r❡ n ∈ {1, 2}✱
I
(n)
0,1 (ξ1) =
∫ ∞
0,1
f
(n)
0,1 (t) exp[(ıδ − 1)tξ1]dt,
❛♥❞
f
(n)
0 (t) =
[(1 + η)s(t)2 + 1]nα−(s(t))
[s(t) + k]K−(s(t))
√
t, t > 0,
f
(n)
1 (t) =
[(1 + η)s(t)2 − δ2]nβ−(s(t))
[s(t) + k]K−(s(t))
√
t− 1, t > 1.
❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②♠♠❡tr✐❝ ❛♥❞ ♦❢ t❤❡ t♦t❛❧ str❡ss ✐s s❤♦✇♥ ✐♥ ❋✐❣s✳✾ ❛♥❞✸✼✽
✶✵✱ ✇❤✐❧❡ ❝♦✉♣❧❡ str❡ss ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✳✶✶✳✸✼✾
❋r♦♠ ❊q✳✭✺✵✮✱ ✇❡ ✇r✐t❡ t❤❡ ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ r❡❞✉❝❡❞ t♦t❛❧ tr❛❝t✐♦♥✸✽✵
p3(ξ1, 0, τ) = −ıGτ0 exp ıΩτ
2π
∫
L
exp(−ısξ1)
s+ k
K+(s)
K−(k)
ds,
t❤❛t✱ ❛❤❡❛❞ ♦❢ t❤❡ ❝r❛❝❦✲t✐♣✱ r❡❞✉❝❡s t♦ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣♦❧❡ s = −k✸✽✶
r❡♣r♦❞✉❝✐♥❣ t❤❡ ❛♣♣❧✐❡❞ s❤❡❛r ✇❛✈❡✳ ❇❡②♦♥❞ t❤❡ ❝r❛❝❦✲t✐♣✱ ✇❡ ✇r✐t❡ K+(s) =✸✽✷
K(s)/K−(s) ❛♥❞✸✽✸
p¯3(s, 0) = −GK(s)
2λ3
w¯−(s, 0).
✷✽
❯♣♦♥ ❞❡❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ ❛r♦✉♥❞ K−✱ ✇❡ ❣❡t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
❢♦r♠✉❧❛ ❢♦r r❡❞✉❝❡❞ tr❛❝t✐♦♥ ❜♦❞② ✇❛✈❡s
p3(ξ1, 0, τ) = Gτ0
exp [ı (−δξ1 +Ωτ)]
2π(1 + ıδ)K−(k)
[
I
(2)
0 (ξ1)− I(2)1 (ξ1)
]
.
✻✳✸✳ ❉②♥❛♠✐❝ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs✸✽✹
❊q✳✭✹✾✮ ✐♠♠❡❞✐❛t❡❧② ♣r♦✈✐❞❡s ✉s ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝s✸✽✺
w¯−(s, 0) = 2ı3/2λ3τ0
1√
cK−(k)
s−5/2, ❛s |s| → ∞,
✈❛❧✐❞ ✐♥ t❤❡ ❛♥❛❧②t✐❝✐t② r❡❣✐♦♥ D− ✭✇❡ ♥❡❣❧❡❝t t❤❡ ❤❛r♠♦♥✐❝ t❡r♠ t❤r♦✉❣❤♦✉t t❤✐s✸✽✻
❙❡❝t✐♦♥✮✳ ❚❤❡♥✱ t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠ ✭❘♦♦s✱ ✶✾✻✾✱ ➓✷✳✶✹✮ ❧❡♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣✸✽✼
❛s②♠♣t♦t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✸✽✽
ℓw(x1, 0) = r✳❜✳♠✳+K
w
■■■
(−x1)3/2, ❛s x1 → 0−
✇❤❡r❡ r✳❜✳♠✳ ✐s ❛♥ ✐♥❡ss❡♥t✐❛❧ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥ ❛♥❞✸✽✾
Kw
■■■
= −16λ3/2τ0 1
3
√
2πℓ(1 + η)(3− η)K−(k) .
❆s②♠♣t♦t✐❝s ❢♦r t❤❡ s②♠♠❡tr✐❝✱ t♦t❛❧ ❛♥❞ ❝♦✉♣❧❡ str❡ss✱ r❡s♣❡❝t✐✈❡❧② ❊qs✳✭✺✶✱✺✷✮✸✾✵
❛♥❞ ✭✺✸✮✱ ❛r❡ s✐♠✐❧❛r❧② ♦❜t❛✐♥❡❞✸✾✶
σ¯23(s, 0) = −ı3/2λ2Gτ0 1−η√cK−(k)s−3/2,
t¯23(s, 0) = −ı3/2Gτ0 1+η√cK−(k)
√
s,
µ¯22(s, 0) = ı
1/2λℓGτ0
1−η2√
cK−(k)
s−1/2,
❛s |s| → ∞. ✭✺✺✮
❚❤❡♥✱ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✱ ✇❡ ✐♥❢❡r t❤❡ ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦✉r
σ23(x1, 0) = Σ23 +K
σ
■■■
√
x1,
t23(x1, 0) = K
t
■■■
x
−3/2
1 ,
µ22(x1, 0) = K
µ
■■■
x
−1/2
1 ,
❛s x1 → 0+,
✷✾
✇❤❡r❡ Σ23 ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❡✈❛❧✉❛t✐♥❣ ❊q✳✭✺✹❛✮ ❛t ξ1 = 0✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ❧❡t
t❤❡ ❞②♥❛♠✐❝ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ❢♦r str❡ss❡s
Kσ
■■■
= −4λ3/2Gτ0 1− η√
2πℓ(3− η)(1 + η)K−(k) ,
Kt
■■■
= −(λℓ)3/2Gτ0
√
1 + η
2π(3− η)
1
K−(k)
,
Kµ
■■■
= −2(1− η)Kt
■■■
.
❙✉❝❤ ❡①♣r❡ss✐♦♥s ❣❡♥❡r❛❧✐③❡ t♦ t❤❡ ❞②♥❛♠✐❝ r❡❣✐♠❡ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ✭❘❛❞✐✱
✷✵✵✽✱ ❊qs✳✭✸✽✮✮ ♦❜t❛✐♥❡❞ ❢♦r st❛t✐❝ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❢❛r✲✜❡❧❞ ❧♦❛❞✐♥❣ K■■■✱ ✈❛❧✐❞
✐♥ ❧✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ✭▲❊❋▼✮✳ ■♥❞❡❡❞✱ t❤❡ ❝♦rr❡❝t✐♦♥ ❛❝❝♦✉♥ts ❢♦r
t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞✐♥❣ ♦♥ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥
✭●r❛✛ ❛♥❞ P❛♦✱ ✶✾✻✼✮✳ ❋♦r♠❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ▲❊❋▼ r❡s✉❧ts ✐s ♠❡t ❜②
t❛❦✐♥❣
K■■■ = 2Gτ0
√
λ3ℓ
1
K−(k)
.
❚❤✐s ❡①♣r❡ss✐♦♥ ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❧♦♦❦✐♥❣ ❛t t❤❡ ❢❛r✲✜❡❧❞ ❜❡❤❛✈✐♦✉r ♦❢ w(r, ϑ =✸✾✷
0)✱ r → +∞✱ ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ w¯(s, 0) ❛s✸✾✸
s → 0✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ w¯−(s, 0) ❜❡❤❛✈❡s ❧✐❦❡ ❛ ❝♦♥st❛♥t ❛s s → 0 ❛♥❞✸✾✹
t❤❡r❡❜② w(r) ❞❡❝❛②s ❛s r2✳ ■♥ t❤❡ st❛t✐❝ ❧✐♠✐t ✇❡ ❤❛✈❡ δ = 0✱ λ = 2−1/2 ❛♥❞✱ ❢♦r✸✾✺
k ≪ s✱ ✇❡ ❣❡t K−(s) ∼√K(s) ∼ −√ıs ❛♥❞✸✾✻
w¯−(s, 0) = 2ı3/2
λ3√
k
τ0
s3/2
,
✇❤❡♥❝❡✱ ❜② t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠✱✸✾✼
ℓw(x1, 0) =
2K■■■
G
√
x1
2π
,
✇❤✐❝❤ ✐s t❤❡ ❢❛r✲✜❡❧❞ ❜❡❤❛✈✐♦✉r ♦❢ ▲❊❋▼ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✶✾✾✽✮✳✸✾✽
✼✳ ❈♦♥❝❧✉s✐♦♥s✸✾✾
❉✐✛r❛❝t✐♦♥ ♦❢ r❡❞✉❝❡❞ tr❛❝t✐♦♥ s❤❡❛r ✇❛✈❡s ❛♣♣❧✐❡❞ ❛t t❤❡ ❢❛❝❡s ♦❢ ❛ s❡♠✐✲✹✵✵
✐♥✜♥✐t❡ r❡❝t✐❧✐♥❡❛r ❝r❛❝❦ ✐♥ ❛♥ ❡❧❛st✐❝ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤ ♠✐❝r♦str✉❝t✉r❡ ✐s ❝♦♥✲✹✵✶
s✐❞❡r❡❞✳ ▼✐❝r♦str✉❝t✉r❡ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r t❤r♦✉❣❤ t❤❡ ✐♥❞❡t❡r♠✐♥❛t❡ t❤❡♦r② ♦❢✹✵✷
✸✵
❝♦✉♣❧❡ str❡ss ❡❧❛st✐❝✐t② ❛♥❞ ♠♦t✐♦♥ ✐s r❡str✐❝t❡❞ t♦ ❛♥t✐♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡✹✵✸
❢✉❧❧✲✜❡❧❞ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠ t❤r♦✉❣❤ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡✹✵✹
❛♥❞ ✐t ♠❛② ❜❡ ❛❞♦♣t❡❞ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❣❡♥❡r❛❧ ✇❛✈❡ s❝❛t✲✹✵✺
t❡r✐♥❣ ♣r♦❜❧❡♠s ✐♥ ❛ ❝r❛❝❦❡❞ ❝♦✉♣❧❡✲str❡ss ❤❛❧❢✲s♣❛❝❡✳ ❆ r❛t❤❡r ✐♥✈♦❧✈❡❞ ✇❛✈❡✹✵✻
♣❛tt❡r♥ ❛♣♣❡❛rs✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐♠♣❧❡ s❝❡♥❛r✐♦ ♦❢ ❝❧❛ss✐❝❛❧✹✵✼
❡❧❛st✐❝✐t②✳ ■♥❞❡❡❞ ✇❡ ✜♥❞✹✵✽
✶✳ ❡♥tr❛✐♥❡❞ ✇❛✈❡s ♠♦✈✐♥❣ ❛❧♦♥❣ t❤❡ ❝r❛❝❦ ❧✐♥❡ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞✐♥❣✹✵✾
s♣❡❡❞✱ ✇❤✐❝❤ ♠❛② ❜❡ ❡✐t❤❡r ❞❡❝❛②✐♥❣ ❛✇❛② ❢r♦♠ t❤❡ ❝r❛❝❦✱ ✐♥ t❤❡ s✉❜✲✹✶✵
❝r✐t✐❝❛❧ r❡❣✐♠❡✱ ♦r ♣r♦♣❛❣❛t✐♥❣✱ ✐♥ t❤❡ s✉♣❡r✲❝r✐t✐❝❛❧ r❡❣✐♠❡✳ ❚r❛♥s✐t✐♦♥✹✶✶
❢r♦♠ ❛ s✉❜✲❝r✐t✐❝❛❧ t♦ ❛ s✉♣❡r✲❝r✐t✐❝❛❧ r❡❣✐♠❡ ♦❝❝✉rs ❛t t❤❡ ❘❛②❧❡✐❣❤ s♣❡❡❞✱✹✶✷
✇❤✐❝❤ ✐s ✇❛✈❡♥✉♠❜❡r ❞❡♣❡♥❞❡♥t ✭❞✐s♣❡rs✐♦♥✮❀✹✶✸
✷✳ ❛ ♣❛✐r ♦❢ ❘❛②❧❡✐❣❤ ✇❛✈❡s ❝♦♥✜♥❡❞ t♦ t❤❡ ❝r❛❝❦ ❢❛❝❡s ❛♥❞ r❡✢❡❝t❡❞ ❢r♦♠ t❤❡✹✶✹
❝r❛❝❦✲t✐♣❀✹✶✺
✸✳ ❛ ♣❛✐r ♦❢ ✇❛✈❡s ❤✐❣❤❧② ❧♦❝❛❧✐③❡❞ ♥❡❛r t❤❡ ❝r❛❝❦✲t✐♣ ❛♥❞ ♠♦✈✐♥❣ ❛✇❛② ❢r♦♠✹✶✻
✐t✱ ✇❤✐❝❤ ♠❛② ❜❡ ❡✐t❤❡r ❞❡❝❛②✐♥❣ ❛♥❞ ♣r♦♣❛❣❛t✐♥❣ ✇✐t❤ s✉❜✲❘❛②❧❡✐❣❤ s♣❡❡❞✹✶✼
♦r ♣r♦♣❛❣❛t✐♥❣ ❛t s✉❜✲❘❛②❧❡✐❣❤ ❛♥❞ s✉♣❡r✲❘❛②❧❡✐❣❤ s♣❡❡❞✱ r❡s♣❡❝t✐✈❡❧②❀✹✶✽
✹✳ ❜♦❞② ✇❛✈❡s s❝❛tt❡r❡❞ ❜② t❤❡ ❝r❛❝❦✲t✐♣✳✹✶✾
❙♣❡❝✐❛❧ s✐t✉❛t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦✹✷✵
❼ ❛ ❧♦❛❞✐♥❣ ♠♦✈✐♥❣ t♦✇❛r❞ t❤❡ ❝r❛❝❦✲t✐♣ ❛t ❘❛②❧❡✐❣❤ s♣❡❡❞✱ ❜❡❝❛✉s❡ r❡s♦✲✹✷✶
♥❛♥❝❡ ♦❝❝✉rs✱ ✐✳❡✳ s♦❧✉t✐♦♥ ✐s ✉♥❜♦✉♥❞❡❞❀✹✷✷
❼ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧②✲❞❡❝❛②✐♥❣ ❧♦❛❞✐♥❣ ✇✐t❤ ❤❛r♠♦♥✐❝ t✐♠❡ ✈❛r✐❛t✐♦♥✱ ❢♦r t❤❡✹✷✸
❛ss♦❝✐❛t❡❞ ♣❤❛s❡ s♣❡❡❞ ✐s ✐♥✜♥✐t❡❀✹✷✹
❼ η = 0✱ ❜❡❝❛✉s❡ ✇❛✈❡s ✷ ❛♥❞ ✸ ❞✐s❛♣♣❡❛r❀✹✷✺
❼ h0 = h0cr = 2
−1/2 ❛♥❞ η = 0✱ ❢♦r t❤❡♥ ❘❛②❧❡✐❣❤ ✇❛✈❡s ❜❡❝♦♠❡ ♥♦♥✲✹✷✻
❞✐s♣❡rs✐✈❡ ❛♥❞ ❝♦❧❧❛♣s❡ ✐♥t♦ ❝❧❛ss✐❝❛❧ s❤❡❛r ✇❛✈❡s❀✹✷✼
❼ t❤❡ st❛t✐❝ r❡❣✐♠❡ Ω = 0✱ ❢♦r ✇❤✐❝❤ ❘❛②❧❡✐❣❤ ✇❛✈❡s ❝♦❧❧❛♣s❡ ✐♥t♦ ❝❧❛ss✐❝❛❧✹✷✽
s❤❡❛r ✇❛✈❡s✳✹✷✾
✸✶
❋✐♥❛❧❧②✱ ❞②♥❛♠✐❝ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r t❤❡ s②♠♠❡tr✐❝✹✸✵
str❡ss✱ t❤❡ ❝♦✉♣❧❡✲str❡ss✱ t❤❡ t♦t❛❧ str❡ss ❛♥❞ t❤❡ r❡❞✉❝❡❞ tr❛❝t✐♦♥✳ ❚❤❡② ❣❡♥❡r✲✹✸✶
❛❧✐③❡ t♦ t❤❡ ❞②♥❛♠✐❝ r❡❣✐♠❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥ ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ❢♦r✹✸✷
t❤❡ st❛t✐❝ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡❧❛st✐❝ ▼♦❞❡ ■■■ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❢❛r✲✜❡❧❞✳✹✸✸
❚❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❜r✐♥❣s ♦✉t t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ t❤❡ ❧♦❛❞✐♥❣ ❢r❡q✉❡♥❝② ♦♥✹✸✹
t❤❡ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs✳✹✸✺
✽✳ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✹✸✻
❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ t❤❛♥❦ Pr♦❢✳ ●✳ ▼✐s❤✉r✐s ❢♦r ❤✐s ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts✳✹✸✼
❆❱ ❛❝❦♥♦✇❧❡❞❣❡s t❤❡ ❊❘❈ ●r❛♥t ✧■♥st❛❜✐❧✐t✐❡s✧ ❢♦r s✉♣♣♦rt✐♥❣ ❤✐s s❤♦rt st❛②✹✸✽
✐♥ ❚r❡♥t♦ ❯♥✐✈❡rs✐t② ✇♦r❦✐♥❣ ♦♥ t❤✐s ♣❛♣❡r✳ ❆◆ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡s s✉♣✲✹✸✾
♣♦rt ❢r♦♠ ◆❛t✐♦♥❛❧ ●r♦✉♣ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✭●◆❋▼✲■◆❞❆▼✮ t❤r♦✉❣❤✹✹✵
t❤❡ ❨♦✉♥❣ r❡s❡❛r❝❤❡rs ❢❡❧❧♦✇s❤✐♣ ♣r♦❣r❛♠♠❡ ✷✵✶✼✱ Pr♦t✳ ♥✳ ❯ ❯❋▼❇❆❩✲✹✹✶
✷✵✶✼✴✵✵✵✵✷✺✾ ✵✽✴✵✻✴✷✵✶✼✳✹✹✷
✾✳ ❉❡❝❧❛r❛t✐♦♥ ♦❢ ✐♥t❡r❡st✹✹✸
❆✉t❤♦rs ❤❛✈❡ ♥♦ ❝♦♠♣❡t✐♥❣ ✐♥t❡r❡st t♦ ❞❡❝❧❛r❡✳✹✹✹
❆♣♣❡♥❞✐①❆✳ ❋❛❝t♦r✐③❛t✐♦♥ ♦❢ F (s)✹✹✺
■♥ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦r✐③❛t✐♦♥✱ ❈❛✉❝❤② t❤❡♦r❡♠ ✐s ❡①♣❧♦✐t❡❞ t♦ s♣❧✐t lnF (s)
✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ❛♥❛❧②t✐❝ ✐♥ t❤❡ r❡❣✐♦♥s D±✱ r❡s♣❡❝t✐✈❡❧②✱
lnF±(s) =
1
2πı
∫
L
lnF (ζ)
ζ − s dζ.
❉✉❡ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r♦♣❡rt② ♦❢ F (s) ❛♥❞ ❏♦r❞❛♥✬s ❧❡♠♠❛✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♣❛t❤✹✹✻
L ❝❛♥ ❜❡ ❝❧♦s❡❞ ❛r♦✉♥❞ t❤❡ ✉♣♣❡r ❜r❛♥❝❤ ❝✉t F+✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡✹✹✼
❜r❛♥❝❤ ♣♦✐♥ts ✐s ✈❛♥✐s❤✐♥❣❧② s♠❛❧❧✳ ❚❤❡ ✉♣♣❡r ❜r❛♥❝❤ ❝✉t ✐s ♣❛r❛♠❡tr✐③❡❞ ❛s ✐♥✹✹✽
❊q✳✭✹✺✮✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ δ = 0✱ t❤❡ ❜r❛♥❝❤ ❝✉t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥t❡r✈❛❧✹✹✾
♦♥ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s {ıt✱ t ∈ [0, 1]}✳✹✺✵
✸✷
❚❤❡ r❛t✐♦ α(s)/β(s) ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ F (s) ❥✉♠♣s ❛❝r♦ss t❤❡ ❜r❛♥❝❤✹✺✶
❝✉t ❛❝❝♦r❞✐♥❣ t♦✹✺✷
lim
ǫ→0+
α(ζ(t)± ıǫ)
β(ζ(t)± ıǫ) = ±ı
√
t
1− t
(2− t)δ − ıt
(1− t)δ − ı(1 + t) , t ∈ [0, 1].
❊q✳✭✹✺✮ ②✐❡❧❞s
lnF−(s) =
δ + ı
2πı
∫ 1
0
lim
ǫ→0
[lnF (ζ(t)− ıǫ)− lnF (ζ(t) + ıǫ)] dt
ζ(t)− s ,
❛♥❞ ✉s✐♥❣
lnF (ζ(t)− ıǫ)− lnF (ζ(t) + ıǫ) = ln F (ζ(t)− ıǫ)
F (ζ(t) + ıǫ)
→
= ln
1− ıψ(t)
1 + ıψ(t)
= −2ı arctanψ(t) = −2ı (π/2− arctanψ−1(t)) , ✭❆✳✶✮
✇✐t❤✹✺✸
ψ(t) =
(
(1 + η)[(δ + ı)t− δ]2 − δ2
(1 + η)[(δ + ı)t− δ]2 + 1
)2√
(1− t)2δ − ı(1− t2)
(2− t)δt− ıt2 , ✭❆✳✷✮
✇❡ ♦❜t❛✐♥✹✺✹
lnF−(s) =
δ + ı
π
∫ 1
0
arctanψ(t)
δ − (δ + ı)t+ sdt = G
−(s). ✭❆✳✸✮
■♥ t❤❡ st❛t✐❝ ❝❛s❡ δ = 0✱ ❊q✳✭❆✳✷✮ ❣✐✈❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✐♥tr♦❞✉❝❡❞✹✺✺
✐♥ ✭❘❛❞✐✱ ✷✵✵✽✱ ❊q✳✭✺✾✮✮✹✺✻
ψ(t) =
t3
√
1− t2(
t2 − 1η+1
)2 .
■♥ t❤✐s s✐t✉❛t✐♦♥✱ ❛ ♣♦❧❡ ♦❢ ψ(t) ✐s ❡♥❝♦✉♥t❡r❡❞ ❛t t = 1/
√
1 + η✱ ✐♥❛s♠✉❝❤ ❛s✹✺✼
η > 0✱ ❛❧t❤♦✉❣❤ t❤✐s ❜r✐♥❣s ♥♦ ❤❛r♠ t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ G−(s)✱ ✐♥ ❧✐❣❤t ♦❢✹✺✽
t❤❡ ❛r❝t❛♥❣❡♥t ❜❡✐♥❣ ❜♦✉♥❞❡❞✳ ■♥ ❝♦♥tr❛st✱ s♣❡❝✐❛❧ ❝❛r❡ ♠✉st ❜❡ ♣❛✐❞ ✐♥ t❤❡✹✺✾
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧ ✇❤❡♥ t❤❡ r♦♦t s3 ❧❛②s ✐♥s✐❞❡ t❤❡ ❜r❛♥❝❤ ❝✉t✱✹✻✵
❛s t❤✐s ♠❛② ❜r✐♥❣ ❛ 2πı ❥✉♠♣ ✇❤❡♥ tr❛♥s❢♦r♠✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠s✹✻✶
✐♥ ❊q✳✭❆✳✶✮✳ ❈❧❡❛r❧②✱ ❢r♦♠ ❊q✳✭❆✳✸✮ ❛♥❞ t❤❡ ♣r♦♣❡rt② ✭✹✻✮✱ ✇❡ ❤❛✈❡✹✻✷
F∓(s) = expG∓(s),
✸✸
✇❤❡r❡ G±(−s) = G∓(s)✳ ❖❜s❡r✈✐♥❣ t❤❛t t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡✹✻✸
❧♦❝❛t✐♦♥ ♦❢ s0 ❛♥❞ ❡♥❢♦r❝✐♥❣ ❊q✳✭✹✹✮ t♦ ❤♦❧❞ ❛t s = 0 ❜r✐♥❣s t❤❡ r❡q✉✐r❡♠❡♥t✹✻✹
s0 = ıabs3
√
c
F+(0)F−(0)
α(0)K(0)
. ✭❆✳✹✮
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣♦✐♥t s0 ❝♦✐♥❝✐❞❡s ✇✐t❤ s3 ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ K(s) ❛❞♠✐ts t✇♦✹✻✺
♣❛✐rs ♦❢ r♦♦ts ✐♥ t❤❡ ♣❤②s✐❝❛❧ s❤❡❡t✱ ✇❤✐❧❡ ✐t ✐s ❝♦♥✈❡♥✐❡♥t❧② ❧♦❝❛t❡❞ ✐♥ t❤❡ ❜r❛♥❝❤✹✻✻
❝✉t ✇❤❡♥ K(s) ❛❞♠✐ts t❤r❡❡ r♦♦t ♣❛✐rs✳✹✻✼
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✸✹
s♣❤❡r✐❝❛❧ ♠❛tr✐① ❜❛s❡❞ ♦♥ ❛ s✐♠♣❧✐✜❡❞ str❛✐♥ ❣r❛❞✐❡♥t ❡❧❛st✐❝✐t② t❤❡♦r②✳✹✽✼
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